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SUMMARY
This  t h e s i s  i s  devo ted  t o  t h e  s tu d y  o f  n o n l i n e a r  r e s p o n s e  
o f  e a r t h  dams in  e a r t h q u a k e s  and th e  problems o f  s o i l  l i q u e f a c t i o n .
The f i n i t e  e l em en t  method i s  employed f o r  th e  s p a t i a l  d i s c r e t i z a t i o n  
o f  t h e  continuum and th e  dynamic e q u a t io n s  o f  mot ion  a r e  s o lv e d  u s in g  
s t e p  by s t e p  t ime i n t e g r a t i o n  schemes.  Both t h e  i m p l i c i t  and th e  
e x p l i c i t  t ime s t e p p i n g  schemes a r e  s t u d i e d  and th e  e f f i c i e n c y  o f  two 
schemes a r e  compared.
The e s s e n t i a l  cause  o f  t h e  growth o f  pore p r e s s u r e  d u r in g  c y c l i c  
l o a d in g  i s  i d e n t i f i e d  as an "au togenous"  s h r in k a g e  o r  d e n s i f i c a t i o n  o f  
th e  s o l i d  phase o f  th e  s o i l  and t h i s  i s  r e l a t e d  t o  a s t r a i n  p a th  
p a r a m e te r .  I n t r o d u c t i o n  o f  t h i s  s h r in k a g e  coup led  w i th  n o n l i n e a r  
c o n s t i t u t i v e  laws o f  t h e  s o i l  s k e l e t o n  a l low s  a f u l l  n o n l i n e a r  dynamic 
a n a l y s i s  t o  be conducted  up t o  t h e  p o i n t  o f  s t r u c t u r a l  f a i l u r e .
The d e t a i l  o f  th e  b a s i c  f o r m u l a t io n  o f  t h e  dynamics o f  a non­
l i n e a r  two phase  m a t e r i a l  based  on th e  f i n i t e  e l em en t  method i s  deve loped  
and i l l u s t r a t e d  by a p p l i c a t i o n  t o  a v a r i e t y  o f  p rob lem s .
F i n a l l y ,  th e  f u l l y  n o n l i n e a r  r e s p o n s e s  o f  e a r t h  dams in  e a r t h ­
quakes a r e  e x t e n s i v e l y  i n v e s t i g a t e d .  The r e s u l t s  which a r e  p r e s e n t e d  
g r a p h i c a l l y  a r e  r e a d i l y  a p p l i c a b l e  t o  t h e  e v a l u a t i o n  o f  t h e  s a f e t y  o f  
the  dam in  e a r t h q u a k e s .
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1.1
CHAPTER 1 
INTRODUCTION AND THESIS LAYOUT
1.1 I n t r o d u c t i o n :
When an e a r t h  dam i s  c o n s t r u c t e d  i n  a s e i s m i c  h igh  r i s k  zone ,  
t h e  s a f e t y  o f  the  dam in  t e r n s  o f  i t s  perform ance  d u r ing  a m a jo r  
e a r t h q u a k e  must be en su red  in  o r d e r  to  avo id  t h e  c a t a s t r o p i c  
e v e n t s  which a re  c e r t a i n  to  fo l low  any f a i l u r e  i n  the  dam. To 
e v a l u a t e  s a f e t y ,  fou r  s t e p s  a r e  r e q u i r e d :
(1)  An a p p r o p r i a t e  m a them at ica l  model must  be e s t a b l i s h e d  
f o r  t h e  dam.
(2)  The e x p e c te d  ground motion must  be d e f i n e d .
(3)  An a n a l y s i s  must  be made to  de te rm in e  th e  m ode l ’s 
dynamic response  t o  th e  e x p e c te d  ground m ot ion .
(4)  The a n a l y t i c a l  r e s u l t s  must  be i n t e r p r e t e d  in  terms 
o f  t h e  p ro to ty p e  b e h a v io u r .
The p r e s e n t  s tudy  a t t e m p t s  t o  cover  t h e s e  p o i n t s .
1 .2  P h y s ica l  R e a l i t y :
The d i f f e r e n t  p h y s ica l  e lem en ts  o f  an e a r t h  dam dur ing  an 
e a r t h q u a k e  c o n s i s t  o f :  th e  s o i l  mass and th e  f o u n d a t i o n ;  th e  
r e s e r v o i r ;  and the  a p p l i e d  e a r t h q u a k e .  The s o i l  mass and the  
founda t ion  form a t h r e e - d im e n s i o n a l  con t inu im  which i s  u s u a l ly  
composed o f  a n i s o t r o p i c ,  nonhomogenous i n e l a s t i c  m a t e r i a l s .  In 
a d d i t i o n  t o  a s e t  o f  i n i t i a l  s t r e s s e s  due to  s e l f  w e ig h t  and th e  
c o n s t r u c t i o n  p r o c e s s ,  the  dam i s  a l s o  s u b j e c t e d  t o  a 
h y d r o s t a t i c  force from the  r e s e r v o i r ,  an i n e r t i a  fo rc e  and a 
hydrodynamic force  induced by the  e a r t h q u a k e .
1 .2
1 .3  Design C o n s i d e r a t i o n s :
An e a r t h  dam which i s  l o c a t e d  i n  a r e g io n  o f  h igh s e i s m i c  
r i s k  must  be d es ig n e d  to  w i t h s t a n d  w i t h o u t  d i s a s t r o u s  f a i l u r e  
t h e  most  s e v e re  e a r th q u a k e  t h a t  may t a k e  p l a c e .  I f  t h e  dam i s  a b l e  
to  r e s i s t  the  e a r th q u a k e  then  a major  c a t a s t r o p h e  in v o l v i n g  l o s s  
o f  l i f e  and p r o p e r t y  can be a v o id e d .  T h e r e f o r e ,  the  main 
o b j e c t i v e  o f  ev e ry  dam e n g i n e e r  i s  to  d e s ig n  and c o n s t r u c t  a 
dam which i s  no t  o n ly  eco n o m ic a l ly  v i a b l e  b u t  which i s  a l s o  s a f e  
under  any p ro b ab le  lo a d in g  c o n d i t i o n .  The enormous s i z e  o f  the  dam 
s t r u c t u r e  makes th e  f a c t o r s  o f  both  economy and s a f e t y  p a r t i c u l a r l y  
im p o r t a n t .  While an e x c e s s i v e l y  c o n s e r v a t i v e  d es ign  o f  a dam 
i n c r e a s e s  the  c o s t  o f  the  p r o j e c t ,  t h e  f a i l u r e  o f  a dam im p l i e s  
d i s a s t r o u s  r e s u l t s  and f a t a l i t i e s  to  th e  communit ies  downstream.
In o r d e r  t o  a s s e s s  the  b e s t  d e s ig n  f o r  a dam, i t  i s  e s s e n t i a l  
f o r  an e n g i n e e r  to  c a r r y  o u t  a thorough i n v e s t i g a t i o n  to  u n d e r s t a n d  
th e  t r u e  s t r u c t u r a l  b eh av io u r  o f  th e  dam and to  e s t i m a t e  th e  
magnitude  o f  any p o t e n t i a l  d e fo rm a t io n .  The magni tude  o f  any 
d e fo rm a t io n  must  remain w i t h i n  a l lo w a b le  l i m i t s  so t h a t  th e  system 
i s  a b l e  to  remain in  c o n s t a n t  o p e r a t i o n .
F a i l u r e  o f  an e a r t h  dam under  s e i s m i c  lo a d in g  may be due to  
o v e r t o p p i n g ,  p i p i n g ,  l i q u e f a c t i o n ,  s h e a r  f a i l u r e  o r  a com bina t ion  
o f  t h e s e  f a c t o r s .  During an e a r t h q u a k e ,  mass l a n d s l i d e  may o c c u r  
ups tream o f  the  dam, which in  t u r n  can c r e a t e  huge w a v e f ro n t s  and ,  
where t h e s e  a r e  ina d e q u a te  s p i l l w a y s ,  th e  r e s u l t s  cou ld  l e a d  to  
o v e r to p p i n g .  P ip ing  w i l l  r e s u l t  i f  t h e  dam cracks  o r  i f  t h e r e  
i s  a b u i l d  up o f  excess  pore p r e s s u r e .  L i q u e f a c t i o n  w i l l  t a k e  
p la c e  i f  th e  excess  pore p r e s s u r e  r eac hes  t h e  t o t a l  mean s t r e s s  o f
1 . 3
the  s o i l  r e s u l t i n g  i n  a ze ro  e f f e c t i v e  s t r e s s  and th u s  c a u s in g  t h e  
s o i l  t o  lo s e  i t s  s t r e n g t h  c o m p le t e ly .  F i n a l l y s s h e a r  f a i l u r e  may 
occu r  when th e  s t r e s s  induced  by t h e  e a r t h q u a k e  exceeds  th e  maximum 
s t r e n g t h  o f  the  s o i l .  A par t  from o v e r to p p i n g  t h e s e  f a i l u r e  modes a r e  
com p le te ly  dependent  on th e  re sponse  o f  t h e  dam d u r in g  an e a r t h q u a k e .  
S ince t h e  c o n s t i t u t i v e  laws o f  t h e  m a t e r i a l s  used i n  e a r t h  dams r a r e l y  
fo l low  l i n e a r  p a t t e r n s ,  in  t h i s  c o n t e x t ,  t h e  p r a c t i c a l  im por tance  o f  
the  p r e s e n t  s tu d y  ( t h a t  i s  the  n o n l i n e a r  b e h a v i o u r  o f  e a r t h  dams and 
fo u n d a t io n s  in  e a r t h q u a k e s )  i s  s e l f  e v i d e n t .
1.4________ L i t e r a t u r e  Review:
Befo re  th e  adven t  o f  the  e l e c t r o n i c  com pute r ,  the  a n a l y s i s  o f  
an e a r t h  dam under e a r th q u a k e  l o a d in g  was c a r r i e d  o u t  by the  pseudo 
s t a t i c  method,  in  which the  dynamic load  p e r  u n i t  volume o f  th e  dam 
induced  by an ea r th q u a k e  was taken  as th e  p r o d u c t  o f  w, th e  u n i t  
w e igh t  o f  the  dam, and a i s  a s e i s m i c  c o e f f i c i e n t  which depends on 
the  e a r t h q u a k e ' s  i n t e n s i t y  a t  the  d am si te  ( t h e  h i g h e r  th e  e a r th q u a k e  
i n t e n s i t y  the  l a r g e r  t h e  va lues  o f  a  a d o p t e d ) .  U su a l ly  a ^ ,  the  
h o r i z o n t a l  s e i s m i c  c o e f f i c i e n t ,  r anges  from 0.1 t o  0 . 3  and a v , t h e  
v e r t i c a l  s e i s m i c  c o e f f i c i e n t ,  ranges  from 0 .06  to  0 . 1 5 .  With such  
s t a t i c  f o r c e s  d e f i n e d ,  the  s l i p  c i r c l e  method can be a p p l i e d  to  
f in d  th e  " f a c t o r  o f  s a f e t y "  a g a i n s t  s l i d i n g  o r  o v e r t u r n i n g  o r  l o c a l  
s lope  i n s t a b i l i t y .  I t  can be seen  t h a t  t h e  pseudo s t a t i c  method i s  
capab le  o f  p r e d i c t i n g  t h e  f a c t o r  o f  s a f e t y ,  b u t  i t  can n o t  p r e d i c t  
e i t h e r  the  p o t e n t i a l  s t r e s s  o r  d e fo rm a t io n  o f  the  dam, both  o f  
which a r e  o f  p r a c t i c a l  im por tance .  F u r th e rm o re ,  in  r e c e n t  major  
e a r t h q u a k e s ,  some dams which were d e s ig n e d  a c c o rd in g  t o  the  a c c e p te d  
pseudo s t a t i c  method have been damaged.
A comprehensive s tu d y  o f  t h e  e f f e c t s  o f  e a r t h q u a k e s  on dams
has been p r e s e n t e d  by N e w m a r k ^ .  The f i r s t  m a them a t ica l  t r e a t m e n t
o f  the  dynamic response  o f  e a r t h  dams d u r ing  e a r t h q u a k e s  was made by
reduc ing  t h e  problem to  a one -d im ens iona l  form. The dam was assumed
to  be a p r i s m a t i c  wedge o f  i n f i n i t e  l e n g t h ,  under  uni form load  along
i t s  l e n g t h .  Thus the  problem was b a s i c a l l y  one o f  p lane  s t r a i n .
F u r th e rm o re ,  the  d i sp la c e m e n ts  w i t h i n  th e  c r o s s  s e c t i o n s  were assumed
to  in v o lv e  on ly  h o r i z o n t a l  s h e a r .  Thus,  th e  system was f u r t h e r
reduced t o  a v e r t i c a l  s h e a r  beam with  l i n e a r l y  vary ing  w id th .  The
dynamic b e h a v io u r  o f  such a system was f i r s t  d i s c u s s e d  by Mononobe,
( 2 )e t  a l v ' .  F u r t h e r  s t u d i e s  o f  the  e a r th q u a k e  b e h a v io u r  o f  the  wedge 
shaped s h e a r  beam were p u b l i s h e d  by Hatanaka^ A m b r a s e y s ^  
ex tended  th e  a n a l y s i s  to  in c lu d e  th e  e f f e c t s  o f  end c o n s t r a i n t ,  
assuming t h a t  s h e a r  d i s t o r t i o n s  cou ld  deve lop  along  v e r t i c a l  as  well  
as h o r i z o n t a l  s e c t i o n s .
Al l  o f  t h e s e  a n a ly s e s  on ly  took i n t o  a c c o u n t  s h e a r in g  
d i s t o r t i o n s  in  th e  e a r t h  dam m a t e r i a l ,  a very  l i m i t e d  approx im at ion  
o f  the  t r u e  b e h a v io u r .  The f i r s t  a t t e m p t  to  in c lu d e  th e  complete 
two-dim ens ional  n a t u r e  o f  the  c r o s s - s e c t i o n a l  d e fo rm a t io n s  in  a 
dynamic a n a l y s i s  was made by I s h i z a k i ,  e t  a l ^ .  They t r e a t e d  the  
dynamic p la n e  s t r a i n  problem us ing  f i n i t e  d i f f e r e n c e s  to  so lve  the  
Nav ier  e q u a t i o n s  o f  e q u i l i b r i a  a t  d i s c r e t e  i n t e r v a l s  o f  t im e .  
Comparison o f  t h e s e  r e s u l t s  w i th  r e s u l t s  from th e  s h e a r  wedge 
type a n a l y s i s  dem ons t ra ted  t h a t  (1)  the  assum pt ion  o f  pure s h e a r  
de fo rm a t ion  i s  r e a s o n a b l e  n e a r  th e  v e r t i c a l  a x i s  o f  the  c r o s s - s e c t i o n ,  
bu t  no l o n g e r  c o r r e c t  n e a r  the  ups tream and downstream f a c e s ;  and
(2) h o r i z o n t a l  d i sp la c e m e n ts  n e a r  the  f a c e s  o f  th e  dam may be 
s i g n i f i c a n t l y  d i f f e r e n t  from th e  c e n t r e  l i n e  d i s p l a c e m e n t s  g iven  
by the  s h e a r  wedge th e o ry .  S ince  the  des ign  c r i t e r i a  f o r  e a r t h  dams
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a r e  based  l a r g e l y  on s lo p e  s t a b i l i t y  which i s  c o n t r o l l e d  by c o n d i t i o n s  
n e a r  the  face s  o f  the  dam, i t  i s  c l e a r  t h a t  the  s h e a r  wedge a n a l y s i s  
does no t  g iv e  an adequa te  measure o f  t h e  dam b e h a v i o u r .
The f i n i t e  d i f f e r e n c e  method,  however,  does no t  a p p e a r  to  be 
th e  most advan tageous  method f o r  s t u d y i n g  th e  tw o-d im ens iona l  
dynamic r e sponse  problem. The a r b i t r a r y  geometry and nonhcmogenei ty  
o f  a t y p i c a l  e a r t h  dam c r o s s - s e c t i o n  must  i n e v i t a b l y  l e a d  to  
d i f f i c u l t i e s  i n  th e  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n .  C o n v e r s e ly ,  th e  
f i n i t e  e l em en t  method a u t o m a t i c a l l y  t a k e s  i n t o  c o n s i d e r a t i o n  any 
a r b i t r a r y  geometry o r  m a t e r i a l  p r o p e r t y  v a r i a t i o n s ,  t h u s ,  i t  i s  
i d e a l l y  s u i t e d  t o  e a r t h  dam a n a l y s i s .  The f i r s t  a t t e m p t  t o  app ly  
the  f i n i t e  e l em en t  method to  th e  e a r t h q u a k e  s t r e s s  a n a l y s i s  o f  an 
e a r t h  dam was made by Clough,  e t  a l^  ^  in  1966. They c o n s i d e r e d  
a s imple t r i a n g u l a r  s e c t i o n  with  homogenous e l a s t i c  p r o p e r t i e s ,  
s u b j e c t e d  to  th e  El Cent ro  e a r th q u a k e  o f  18th May, 1940. Meanwhile,  
C h o p r a ^  p o in t e d  o u t  the  inadequacy  o f  th e  s h e a r  wedge approach  
f o r  o b t a i n i n g  the  re sponse  o f  e a r t h  dams to  e a r t h q u a k e s  by comparing 
r e s u l t s  w i th  those produced by the  f i n i t e  e l em en t  method.  From t h e s e  
r e s u l t s  i t  was concluded  t h a t  the  f i n i t e  e l em en t  method o f f e r e d  
c o n s i d e r a b l e  advan tages  o ve r  th e  s h e a r  wedge method.  The s tu d y  o f  
the  e l a s t i c  re sponse  o f  e a r t h  dams s u b j e c t e d  to  t r a v e l l i n g  s e i s m i c  
waves was c a r r i e d  o u t  by D ib a j ,  e t  a l ^ .  They conc luded  t h a t  the  
s p a t i a l  v a r i a t i o n  o f  th e  ea r th q u ak e  e x c i t a t i o n  was n e g l i g i b l e  on ly  
when the  r a t i o  o f  base wid th  to  wave v e l o c i t y ,  ( i . e .  t h e  t ime 
r e q u i r e d  f o r  th e  t r a v e l l i n g  wave t o  move a c r o s s  th e  base o f  th e  dam) 
was l e s s  than  0.1 to  0 .2  seconds .  For  o t h e r  s i t u a t i o n s  t h e  s p a t i a l  
v a r i a t i o n  p r e s e n t  in e a r th q u a k e  ground m o t io n s ,  i f  n e g l e c t e d ,  was 
very l i k e l y  t o ' l e a d  t o  a s e r i o u s  u n d e r e s t i m a t i o n  o f  the  s a f e t y  f a c t o r s .
The dynamic response  o f  a dam r e s t i n g  on an e l a s t i c  founda t ion  
was g iven  by Chopra,  e t  a l ^ ’ ^ .  They i l l u s t r a t e d  t h a t  th e  
e l a s t i c i t y  o f  th e  fo u n d a t io n  might  have an im p o r t a n t  i n f l u e n c e  on 
the  n a t u r a l  f r e q u e n c i e s  as wel l  as  t h e  mode s h a p e s ,  and l a r g e  
amounts o f  energy  migh t  be d i s s i p a t e d  by wave p ro p a g a t io n  i n t o  the  
i n f i n i t e  f o u n d a t i o n .  Soil  can be c o n s id e r e d  as a two-phase m a t e r i a l  
composed o f  a porous g r a n u l a r  s o l i d  s k e l e t o n  s a t u r a t e d  w i th  w a te r .  
Ghabouss i ,  e t  a l ^ ^  s t u d i e d  a dynamic model in which th e  s o i l  was 
t r e a t e d  as a two phase m a t e r i a l .  The s o l i d  s k e l e t o n  and th e  f l u i d  
which were t r e a t e d  as  inde p en d en t  e l a s t i c  m a t e r i a l s  had s e p a r a t e  
m a t e r i a l  p r o p e r t i e s .  The l i n e a r l y  e l a s t i c  c o n s t i t u t i v e  p r o p e r t i e s  
were no t  capa b le  o f  r e p r e s e n t i n g  such im p o r t a n t  f e a t u r e s  o f  the  
s o i l  b e h a v io u r  as d i l a t a n c y  under th e  s h e a r  d e f o r m a t io n ,  which has 
a s i g n i f i c a n t  i n f l u e n c e  on the  pore  p r e s s u r e .  However t h i s  s tu d y  
could  be c o n s id e r e d  as  an i n i t i a l  s t e p  towards th e  d e t e m i n a t i o n  
o f  pore p r e s s u r e s  and t h e i n t e r g r a n u l a r  s t r e s s e s  in  s o i l  s t r u c t u r e s  
under s e i s m i c  l o a d i n g .  The s tu d y  o f  s e v e r a l  s i g n i f i c a n t  pa ram ete rs  
t h a t  cou ld  a f f e c t  the  performance  o f  a dam -founda t ion  sys tem were 
c a r r i e d - o u t  by I d r i s s ,  e t  a l ^ ^ .  These p a ram e te r s  were th e  
fundamental  p e r io d s  o f  the  dam and o f  the  fo u n d a t io n  l a y e r ,  the  
l a t e r a l  e x t e n t  o f  th e  f o u n d a t i o n ,  and th e  m a t e r i a l  p r o p e r t i e s  o f  
the  dam and o f  th e  founda t ion  l a y e r .  They concluded  t h a t  the  
i n t e r a c t i o n  e f f e c t s  could  n o t  be un iq u e ly  r e l a t e d  to  e i t h e r  the  
r a t i o  o f  the  p e r io d  o f  the  dam t o  t h e  p e r i o d  o f  th e  fo u n d a t i o n  l a y e r ,  
o r  to th e  r e l a t i o n  between the  m a t e r i a l  p r o p e r t i e s  o f  t h e  dam and 
the  f o u n d a t io n  l a y e r  b u t  the  i n t e r a c t i o n  e f f e c t s  were found to  
be un ique ly  r e l a t e d  to  the  r a t i o  D/5,  where D i s  th e  depth o f  
the  fo u n d a t io n  l a y e r  and B i s  th e  w id th  o f  the  dam s e c t i o n  as shown 
in F igure  1 . 1 .  For va lues  o f  D/B l e s s  than  u n i t y ,  s t r o n g  i n t e r a c t i o n
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e f f e c t s  were o b t a i n e d  and the  dam fo u n d a t i o n  system must  be a n a ly s e d  
as a coup led  sys tem .  For va lues  o f  D/B g r e a t e r  than u n i t y ,  the  
i n t e r a c t i o n  ap pea red  n e g i g i b l e  and th e  dam and i t s  f ounda t ion  l a y e r  
can be d ecoup led .  I t  shou ld  be n o t e d ,  however,  t h a t  f o r  very  small  
va lues  o f  D/B the  i n t e r a c t i o n  e f f e c t s  would d e c r e a s e  because  as D 
approaches  ze ro  ( o r ,  as the  fo u n d a t io n  l a y e r  becomes much s t i f f e r  th a n  
the  dam) t h e r e  would be no i n t e r a c t i o n .
The Bureau o f  R e c l a m a t i o n ^ ^ , United  S t a t e s  Department o f  
the  I n t e r i o r ,  p roposed  c e r t a i n  p ro ced u res  f o r  th e  dynamic a n a l y s i s  
o f  embankment dams. The p ro ced u re s  a l lo w  v iscous  damping to  be 
i n t r o d u c e d  in  the  c o n s t r u c t i o n  o f  th e  s t i f f n e s s  m a t r ix  and use t h e  
e q u i v a l e n t  l i n e a r  method to  d e s c r i b e  s o i l  moduli and damping. The 
main o u t p u t  o f  th e  f i n i t e  e lem en t  programs based  on such p rocedu re s  
i s  the  i r r e g u l a r  s t r e s s - t i m e  h i s t o r y  and th e  maximun s h e a r  s t r e s s  
w i t h i n  each e l e m e n t .  I t  i s  then  assuried t h a t  t h e  i r r e g u l a r  s h e a r  s t r e s s ­
t ime h i s t o r y  can be r e p r e s e n t e d  by an e q u i v a l e n t  nimber o f  uniform 
c y c l e s .  This  r e f e r s  to  the  s t r e s s  magni tude which would cause  
the  same e f f e c t  on the  s o i l  and i s  used in  l a b o r a t o r y  t e s t s  to  
r e l a t e  e x p e r im e n ta l  work to  the  computed s t r e s s .  The p rocedure
f o r  c o n v e r t i n g  th e  i r r e g u l a r  s h e a r  s t r e s s  t ime h i s t o r i e s  to  an
(141e q u i v a l e n t  nunber  o f  uniform c y c l e s  was g iven  by Seedv y. This  
l eads  t o  the  d e t e r m i n a t i o n  o f  a " s t r a i n  p o t e n t i a l "  f o r  each e lem en t  
in  the  s t r u c t u r e ,  which c o n s e q u e n t ly  forms a b a s i s  f o r  e v a l u a t i n g  
the  embankment dam s t a b i l i t y .
These and o t h e r  s t u d i e s  H 5 - 2 0 )  r e ] a ^ecj to  a c t u a l  case
h i s t o r i e s  o f  r e c o r d i n g  the  b e h a v io u r  o f  e a r t h  dams d u r in g  e a r t h q u a k e s ,
( 9 1 )
and p a r t i c u l a r l y  o f  the  ma jor  s l i d e  in  th e  Lower San Fernando Damv“ 1
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during  t h e  e a r th q u a k e  o f  9 th  F e b ru a ry ,  1971 i n d i c a t e  t h a t  th e  
n o n l i n e a r  re sponse  o f  a s t r u c t u r e  fo u n d a t io n  system s u b j e c t e d  t o  
an e a r th q u a k e  may be completed by v a r io u s  approx im ate  p r o c e s s e s  
in v o lv in g  a sequence o f  l i n e a r  a n a l y s e s  in  which the  s e c a n t  moduli  
o f  th e  m a t e r i a l s  were amended as  com puta t ion  p roceeded .  However 
though such methods were a b l e  t o  g iv e  r e a s o n a b l e  p r e d i c t i o n s  o f  
the p o s s i b l e  a r e a s  o f  l i q u e f a c t i o n  o r  o v e r s t r e s s ,  th e y  were i n c a p a b l e  
o f  g iv in g  any i n d i c a t i o n  o f  the  e x t e n t  o r  th e  permanence o f  any 
damage o r  de fo rm a t ion  a f t e r  the  passage  o f  an e a r th q u a k e .  T h e r e f o re  
a more p r e c i s e  e v a l u a t i o n  by a f i n i t e  e l e m e n t  n o n l i n e a r  s o l u t i o n  
appears  to  be n e c e s s a r y  f o r  i m p o r t a n t  s t r u c t u r e s .  This  s u b j e c t  i s  
f u r t h e r  emphasized  by Clough and Z i e n k i e w i c z ^ ^  and forms th e  main 
t o p i c  o f  the  p r e s e n t  t h e s i s .
1.5 Scope and Layout o f  the  t h e s i s :
The main o b j e c t  o f  th e  p r e s e n t  s tu d y  i s  to  i n v e s t i g a t e  th e  
n o n l i n e a r  b eh a v io u r  o f  e a r t h  dams d u r ing  e a r t h q u a k e s .  This  i s  
p a r t i c u l a r l y  im p o r t a n t  in  s e i s m ic  d e s ign  s i n c e  th e  energy  a b s o r p t i o n  
which r e s u l t s  from th e  p l a s t i c  d e fo rm a t ion  and c ree p  o f  the  m a t e r i a l  
a f f e c t s  th e  mot ion  o f  the  s t r u c t u r e  c o n s i d e r a b l y .  The s tu d y  
c o n c e n t r a t e s  on the  fo l low ing  a r e a s :
(1)  the  development o f  an e f f i c i e n t  t ime s t e p p i n g  a l g o r i t h m .
(2) c o n s i d e r a t i o n  o f  s u i t a b l e  e l a s t o - p l a s t i c  models  o r  
e l a s t o - v i s c o p l a s t i c  models .
(3) l i q u e f a c t i o n  phenomena.
A m athem at ica l  model f o r  the  a n a l y s i s  o f  th e  s t r u c t u r a l  
response  t o  e a r t h q u a k e s  which a l low s  th e  i n v e s t i g a t i o n  o f  th e  above 
a s p e c t s ,  i s  d e s c r i b e d  in  Chap te r  2. In t h i s  c h a p t e r ,  the  
s t r u c t u r a l  approx im at ion  made, and the  m a t e r i a l  model adop ted  a r e
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p r e s e n t e d  and the  s e l e c t i o n  o f  des ign  e a r t h q u a k e s  i s  d i s c u s s e d .  
Chap te r  3 d e a l s  w i th  f i n i t e  e l em en t  s p a t i a l  d i s c r e t i z a t i o n .  The 
e q u a t io n  s o lv in g  t e c h n iq u e s  a r e  p r e s e n t e d  in  Chapte r  4.  C h ap te r  5 
i s  devo ted  e n t i r e l y  to  the  t h e o ry  o f  l i e q u e f a c t i o n ,  i . e . ,  the  
b e h a v io u r  o f  s a t u r a t e d  sand under c y c l i c  lo a d in g  in  u nd ra ined  
c o n d i t i o n s .  Chap te r  6 p r e s e n t s  the  d e n s i f i c a t i o n  o f  dry  sand  o r  
s a t u r a t e d  sand under f u l l y  d r a in e d  c o n d i t i o n s  d u r ing  c y c l i c  l o a d i n g .  
The p a r t i a l l y  d r a in e d  a n a l y s i s  o f  s a t u r a t e d  sand  undergoing c y c l i c  
lo a d ing  i s  p r e s e n t e d  in  Chap te r  7. The r e s u l t s  o f  the  n o n l i n e a r  
re sponse  s tu d y  o f  e a r t h  dams in  e a r t h q u a k e s  a r e  p r e s e n t e d  in  
C hap te r  8. F i n a l l y ,  the  c o n c lu s io n s  and recommendations based  
on the  p r e s e n t  s tu d y  a re  made in  C hap te r  9.  A b r i e f  summary o f  
the  t h e s i s  i s  p r e s e n t e d  in  F igure  1 .2 .
1 -1 0
REFERENCES
1. NEWARK, N.M.,
' E f f e c t s  o f  Ear thquakes  on Dams and Enbankmsnts ,
G eo techn ique ,  London, England ,  Vol.  15,  No. 2 ,  39-160 (1965)
2.  M0N0N0BE, N.,  TAKATA, A. and MATUMURA, M.,
'S e i s m i c  S t a b i l i t y  o f  an E a r th  Dam,
T r a n s a c t i o n s ,  2nd Congress on Large Dams, Washington D.C. Vol. IV  (1936)
3. HATANAKA, M., Fundamental C o n s i d e r a t i o n s  on th e  Ear thquake
' R e s i s t a n t  P r o p e r t i e s  o f  th e  E a r th  Dami
B u l l e t i n  No. 11,  D i s a s t e r  P r e v e n t io n  Research I n s t . ,  Kyoto U n i v e r s i t y ,  
Kyoto,  Japan (1955)
4. ANBRASEYS, N.N.,
'The Seismic  S t a b i l i t y  o f  E a r th  Dams,
P r o c e e d i n g s ,  2nd World Conf. on Ear thquake  E n g i n e e r in g ,  Tokyo,
J a p a n ,  Vol.  2 (1960)
5. ISHIZAKI, H. and HATAKEYAMA, N.,
' C o n s i d e r a t i o n s  on th e  V i b r a t i o n a l  Behav iou rs  o f  E a r th  Damsi 
B u l l e t i n  No. 52,  D i s a s t e r  P r e v e n t io n  Research I n s t . ,  Kyoto 
U n i v e r s i t y ,  Kyoto,  Japan (1962)
6.  CLOUGH, R.W. and CHOPRA, A.K.
'E a r thquake  S t r e s s  A n a ly s i s  i n  E a r th  Dams',
Jo u rn a l  o f  the  E ng in ee r in g  Mech. D i v i s i o n ,  ASCE, Vol.  92 ,  197-212 (1966)
7. CHOPRA, A.K.
'E a r th q u a k e  Response o f  E a r th  Dams',
J o u rn a l  o f  the  So i l  Mechanics and F ounda t ions  D i v i s i o n ,  ASCE,
Vol.  93 ,  No. SM2, 65-81 (1967)
8.  DIBAJ, M. and PENZIEN, J .
'Response o f  Ear th  Dams to  T r a v e l l i n g  Seismic  Waves'
J o u rn a l  o f  the  So i l  Mechanics and F ounda t ions  D i v i s i o n ,  ASCE 
V o l .9 5 ,  No. SM2, 541-560 (1969)
9. CHOPRA, A .K . , DIBAJ, M., CLOUGH, R.W., PENZIEN, J .  and SEED, H.B.
'E a r th q u ak e  A na lys i s  o f  Ear th  Dams'
4 th  World Conference on Ear thquake  E n g i n e e r i n g ,  S a n t i a g o ,  C h i l e  (1969)
10. CHOPRA, A.K. and PERUMALSWAMI
'Dam Foundation I n t e r a c t i o n  During E ar thquake '
P ro c e e d in g ,  4th  World Conference on Ear thquake  E n g i n e e r in g ,
S a n t i a g o ,  Chile  (1969)
11. GHABOUSSI, J .  and WILSON, E . L . ,
'S e i s m i c  A n a ly s i s  o f  E a r th  Dam-Reservoi r  Sys tems '
J o u rn a l  o f  th e  Soil  Mechanics and Founda t ions  D i v i s i o n ,  ASCE 
V o l . 99 ,  No. SMI0,  849-862 (1973)
IDRISS, I .M . ,  MATHUR, J.M. and SEED, H .B . ,
' E a r t h  Dam-Foundation I n t e r a c t i o n  Dur ing  E a r th q u ak es '
I n t e r n a t i o n a l  Jo u rn a l  o f  Ear thquake  E n g in e e r in g  and S t r u c t u r a l  
Dynamics,  Vol.  2,  313-323 (1974)
ARTHUR, H.G.,  e t  al
'Dynamic A na lys is ,  o f  Embankment Dams'
Un i ted  S t a t e s  Depar tment  o f  th e  I n t e r i o r ,  Bureau o f  Reclamation  
E n g in e e r in g  and Research C e n t e r ,  Denver,  Colorado  (1976)
SEED, H.B. and IDRISS, I.M.
' I n f l u e n c e  o f  So i l  C o n d i t io n s  on Ground Motions During E a r th q u a k e '  
J o u rn a l  o f  the  So i l  Mechanics and Foundat ions  D i v i s i o n ,  ASCE,
Vol.  95 ,  99-137 (1969)
AKAY, H.U. and GULKAN, P.
'E a r th q u a k e  A n a ly s i s  o f  Keban Dam'
Proceed ings  o f  the  F i f t h  European Conference on Ear thquake  
E n g i n e e r i n g ,  Paper  No. 36,  I s t a n b u l  (1975)
AKAY, A.U. and GULKEN, P.
' E v a l u a t i o n  o f  the  R e s e r v o i r  E f f e c t  on The Dynamics o f  Dams'
P roceed ings  o f  the  I n t e r n a t i o n a l  Symposium on Ear thquake  
S t r u c t u r a l  E n g i n e e r in g ,  S t .  L o u i s ,  M i s s o u r i ,  U.S.A. (1976)
DEFFENSE, G.V.
'N o n l i n e a r  Seismic A n a ly s i s  o f  E ar th  Dams by th e  F i n i t e  Element Method1 
M.Sc. T h e s i s ,  U n i v e r s i t y  o f  W a le s ,  Swansea (1976)
KRAMER, R.W.,  MacDONALD, R .B . ,  TIEDEMANN, D.A. and VIKSNE, A.
'Dynamic A n a ly s i s  o f  Tsengwen Dam'
Bureau  o f  Rec lam a t ion ,  Denver,  Colorado (1975)
NAYLOR, D . J . ,  STAGG, K.G. and ZIENKIEWICZ, O .C . ,
' C r i t e r i a  and Assunp t ions  f o r  Numerical A n a ly s i s  o f  Dams'
P roceed ings  o f  an I n t e r n a t i o n a l  Symposium Held a t  Swansea,  U.K.(1975)
VULPE, A . ,  BARBAT, H .,  BREABAN, V. and IONESEU, C . ,
'S e i s m ic  A n a ly s i s  o f  a Rock f i l l  Dam'
P ro ceed in g s  o f  the  F i f t h  European Conference  on E ar thquake  
E n g i n e e r in g ,  Paper  No. 48 ,  I s t a n b u l  (1975)
SEED, H.B. ,  LEE, K .L . ,  IDRISS, I.M. and MAKDISI, F . ,
' S l i d e s  i n  the  San Fernando Dams During th e  Ear thquake  o f  
F eb rua ry  9 t h ,  1971'
J o u rn a l  o f  the  G eo techn ica l  D i v i s i o n ,  ASCE, 651-688 (1975)
CLOUGH, R.W. and ZIENKIEWICZ, O .C . ,
' F i n i t e  Element Methods in  A n a ly s i s  and Design o f  Dams' (A 
s u rv e y  o f  P r e s e n t  Developments,  P r a c t i c a l  Assumptions and 
O u t s t a n d i n g  Problems)
P roceed ings  o f  an I n t e r n a t i o n a l  Symposium Held a t  Swansea,  U.K. (1975)

Introduction and thesis layout
♦ In t r o d u c t io n
♦ P h y s ic a l  r e a l i t y
♦Design c o n s id e r a t i o n s
♦ L i t e r a t u r e  rev iew
♦Scope and la y o u t  o f  th e  t h e s i s
The m a th em a tic a l  model
♦ In t r o d u c t io n  
♦ S t r u c t u r a l  i d e a l i z a t i o n  
♦ S t r u c t u r a l  a p p ro x im a tio n  o f  f l u i d  
♦ M a te r ia l  model 
S t r e s s e s ,  s t r a i n s ,  and c o n s t i t u t i v e  law 
P l a s t i c i t y  
V i s c o p l a s t i c i t y  
No te n s io n  model 
♦The e x t e n t  o f  fo u n d a t io n  le n g th  in c lu d e d  i n  s t r u c t u r a l  model 
♦M odelling o f  boundary 
♦ S e le c t io n  o f  d e s ig n  ea r th q u ak e
F i n i t e  e lem en t s p a t i a l  d i s c r e t i z a t i o n
♦ I n t r o d u c t io n  
♦Dynamic fo rm u la t io n  
♦Mass m a tr ix  
♦Damping m a tr ix
♦ E v a lu a t io n  o f  i s o p a r a m e t r i c  e lem en ts
S o lu t io n  te c h n iq u e
♦ I n t r o d u c t io n
♦ I m p l ic i t  t im e s te p p in g  scheme 
♦ E x p l ic i t  tim e s te p p in g  scheme
♦Comparison o f  th e  i m p l i c i t  t im e s te p p in g  scheme and th e  e x p l i c i t  t im e  
s te p p in g  scheme
L iq u e fa c t io n
♦ In t r o d u c t io n
♦ P h y s ica l  r e a l i t y  o f  l i q u e f a c t i o n  
♦U ndrained s o i l  b e h a v io u r  under  c y c l i c  lo a d in g  
♦ F ac to rs  a f f e c t i n g  l i q u e f a c t i o n o♦ E v a lu a t io n  o f  "au togenous"  v o lu m e tr ic  s t r a i n  " £ ' 
♦Examples
D e n s i f i c a t io n  o f  sand
♦ In t r o d u c t io n
♦ F a c to rs  govern in g  th e  d e n s i f i c a t i o n  o f  d ry  sand 
♦ D e n s i f ic a t io n  of sand 
D e n s i f i c a t i o n  in  te rm s o f  v o lu m e tr ic  s t r a i n  
D e n s i f i c a t io n  in  te rm s o f  v o id  r a t i o  
♦Comparison o f  th e  t h e o r e t i c a l  e v a l u a t i o n  w ith  e x p e r im e n ta l  r e s u l t s  
♦D iscu ss io n s
1 .2 :  A b r i e f  summary of  th e  t h e s i s
7. Partially drained analysis of transient problems in porous media
♦ I n t r o d u c t io n
♦B asic  fo rm u la t io n  o f  seepage e q u a t io n  
. ♦Examples
8 .  N o n l in e a r  re sp o n se  o f  e a r t h  dams i n  e a r th q u a k e s  
♦ I n t r o d u c t io n
♦ P rocedu res  t o  c a r r y  o u t th e  dynamic a n a l y s i s  o f  embankment dams 
♦ E f f e c t s  o f  v e r t i c a l  component o f  e a r th q u a k e  on dam re sp o n se  
♦U ndrained a n a l y s i s  o f  e a r t h  dam on e a r th q u a k e
♦U ndrained vs  p a r t i a l l y  d r a in e d  a n a l y s i s  o f  e a r th q u a k e  on dam r e s p o n s e  
♦ E v a lu a t io n  o f  dam s a f e t y
9 . C o n c lu s io n s  and recom mendations
♦C onclusions  
♦Re comrae nd a t  i  on s
APPENDIX A LIST OF SYMBOLS
APPENDIX B AN INTRODUCTION TO DYNAMIC RELAXATION
APPENDIX C NONLINEAR RESPONSE OF QUALL WALL IN EARTHQUAKE
APPENDIX D COMPUTER IMPLEMENTATION
F ig .  1 . 2 ( c o n t ’d)
2 - 1
CHAPTER 2 
THE MATHEMATICAL MODEL
2.1 I n t r o d u c t i o n :
A p r o p e r  ma thematica l  model must  be deve loped  to  r e p r e s e n t  
the  p h y s i c a l  r e a l i t y  o f  a dam. The model must  i n c o r p o r a t e  t h e  
fo l lowing  f e a t u r e s :
(1)  an adequa te  s t r u c t u r a l  i d e a l i z a t i o n .
(2)  a s u i t a b l e  model f o r  the  r e s e r v o i r  w a te r .
(3)  a m a t e r i a l  c o n s t i t u t i v e  law.
(4)  s u i t a b l e  boundary c o n d i t i o n s .
(5)  the  s e l e c t i o n  o f  the  des ign  e a r th q u a k e .
These i t em s  w i l l  be d i s c u s s e d  in  the  s u b se q u e n t  s e c t i o n s .
2 .2  S t r u c t u r a l  I d e a l i z a t i o n :
In the  p r e s e n t  s t u d y ,  a tw o-d im ens iona l  a n a l y s i s  i s  c a r r i e d  
o u t  in  which the  p lane  s t r a i n  c o n d i t i o n s  a re  assumed.  The p la n e  
s t r a i n  c o n d i t i o n s  a re  j u s t i f i e d  i f  th e  t h i c k n e s s  o f  th e  dam i s  
l a r g e  enough in  comparison w i th  the  v e r t i c a l  and h o r i z o n t a l  d im ens ions  
o f  the  dam and i f  the  dam i s  c o n s t r u c t e d  on a f a i r l y  uniform 
f o u n d a t io n .  I t  has been shown ^ i n  s t a t i c  lo a d in g  c o n d i t i o n s  
t h a t  th e  2D and 3D s o l u t i o n s  g ive  e s s e n t i a l l y  the  same r e s u l t s  
i f  the  above c o n d i t i o n s  p r e v a i l .
In any continuum the  a c t u a l  nunber  o f  deg ree s  o f  freedom 
i s  i n f i n i t e  and un le ss  a c l o s e d  form s o l u t i o n  i s  a v a i l a b l e ,  an 
e x a c t  s o l u t i o n  i s  im p o s s ib l e .  For any n i m e r i c a l  ap p ro ac h ,  an 
approxim ate  s o l u t i o n  i s  a t t em p ted  by assuming t h a t  th e  b e h a v i o u r  
o f  the  continuum can be r e p r e s e n t e d  by a f i n i t e  nunber  o f  unknowns.
2 .2
T h e r e f o r e ,  th e  dam i s  d iv i d e d  i n t o  a s e r i e s  o f  e lem en ts  which a re  
connec ted  a t  a f i n i t e  nunber  o f  p o i n t s  known as nodal p o i n t s .  A 
t y p i c a l  example o f  an e a r t h  dam i s  shown in  F igu re  2 . 1 .
2 . 3  S t r u c t u r a l  app rox im at ion  o f  F l u i d :
The w a te r  i n  t h e  r e s e r v o i r  can be t r e a t e d  as a con t inu im  w i th  
i t s  own m a t e r i a l  p r o p e r t i e s .  I f  a f l u i d  e l em en t  i s  employed,  t h e  
w a te r  can be simply  c o n s id e re d  as an e l a s t i c  m a t e r i a l  w i th  ze ro  
s h e a r  r e s i s t a n c e .  Thus the  s t a n d a r d  p rocedure  f o r  e v a l u a t i n g  th e  
i n t e r n a l  r e s i s t i n g  fo rce  can be adopted  w i th  an a p p r o p r i a t e  e l a s t i c i t y  
m a t r ix  D. While f o r  an e l a s t i c  s o l i d  any i s o t r o p i c  o r  a n i s o t r o p i c  
b e hav iou r  can be used ,  the  D m a t r ix  f o r  a f l u i d  i s  e s s e n t i a l l y  
i s o t r o p i c .  The complete s e t  o f  s i x  t h r e e - d im e n s i o n a l  s t r e s s  s t r a i n  
r e l a t i o n s h i p  can be p r e s e n t e d  in  terms o f  the  bu lk  modulus K 
and the  s h e a r  modulus G a s ^
' °x ' '  K +34 G K- 1  G K - 2 r  -3 G 0 0 0
°y
K - |  G K + l G K- \  G 0 0 0
°z = K - |  G K- 1  G K + 3 g 0 0 0
I 0 0 0 G 0 0xy
0 0 0 0 G 0yz
0 0 0 0 0 G
f *
Gx
ey
ez
Y xy
V
Yzx
( 2 . 1 )
For a normal f l u i d  i t  i s  now simply n e c e s s a r y  t o  i n s e r t  an a p p r o p r i a t e  
bulk modulus K and s e t  G = 0 in  e q u a t io n  ( 2 . 1 ) .  O b v io u s ly ,  w i th -G  = 0 ,  
eq u a t io n  ( 2 . 1 )  w i l l  r e s u l t  in ze ro  s h e a r  s t r e s s .  T h e r e f o r e ,  i n  th e  
f i n i t e  e lem en t  c o n t e x t ,  the  h y d r o s t a t i c  f o r c e  as w ell  as  the  
hydrodynamic fo rce  induced  by an e a r th q u a k e  can be e v a l u a t e d  d i r e c t l y  
using th e  f l u i d  e l em en t .  The d i s p la c e m e n t  t ime h i s t o r i e s  a t  the
2 . 3
c r e s t  o f  the  dan shown in F igu re  2.1 o b t a i n e d  by ( i )  i n c l u d i n g  th e  
f l u i d  and ( i i )  ex c lu d in g  th e  f l u i d  in  the  r e s e r v o i r  a re  p r e s e n t e d  
in  F igure  2 . 2 .  I t  shou ld  be n o te d  t h a t  a t  the  p r e s e n t  s t a g e  o f  
s t u d y ,  the  r e sponses  a re  assumed to  co r re sp o n d  w i th  the  f u l l y  
d ra in e d  c o n d i t i o n .  This  was done s imply  t o  focus  a t t e n t i o n  on 
var ious  com pu ta t iona l  com par isons .  The r e s u l t s  show t h a t  th e  e f f e c t  
o f  e x t e r n a l  hydrodynamic f o r c e  i s  n e g l i g i b l e .
2 .4  M a te r i a l  Model:
To d e s c r i b e  the  m a t e r i a l  mode l ,  i t  i s  n e c e s s a r y  t o  s t a r t  from 
the s t r e s s  s t r a i n  r e l a t i o n s h i p  d e f i n i n g  the  c o n s t i t u t i v e  law f o r  
s o i l .  Here th e  concep t  o f  y i e l d  f u n c t i o n s  which d e f i n e  the  
combinations  o f  s t r e s s  a t  which the  m a t e r i a l  y i e l d s  acc o rd in g  t o  
the  th e o ry  o f  p l a s t i c i t y  o r  v i s c o p l a s t i c i t y  i s  g iv e n .  S o i l  i s  
d i f f e r e n t  from rock o r  c o n c r e t e  in th e  s ense  t h a t  a l th o u g h  s o i l  
can n o t  r e s i s t  t e n s i l e  s t r e s s ,  i t  i s  a b l e  to  hea l  i t s e l f  a f t e r  
t e n s i l e  s t r e s s  has d i s a p p e a r e d .  T h e r e f o r e ,  a s im ple  n o - t e n s i o n  
c u t  o f f  model i s  employed in  th e  p r e s e n t  s t u d y .
2 .4 .1  S t r e s s e s ,  S t r a i n s  and C o n s t i t u t i v e  Law:
I t  i s  well  known t h a t  a load  a p p l i e d  to  a s a t u r a t e d  s o i l  
i s  c a r r i e d  p a r t l y  by the  pore w a te r  and p a r t l y  by the  s o i l  s k e l e t o n .  
I f  t e n s i o n  i s  c o n s id e r e d  as p o s i t i v e  then th e  t o t a l  s t r e s s e s  can
(A 5 )
be r e p r e s e n t e d  in  the  fo l lo w in g  v e c t o r  f o m r  5 '
T
°  " {  V  ° y ’ V  Txy ’ Ty z ’ Tzx >
This t o t a l  s t r e s s  can be d iv i d e d  i n t o  two p a r t s ,  i . e .  t h e  e f f e c t i v e
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s t r e s s e s ,  a ' a n d  the  pore p r e s s u r e  p.  Thus
i
a = a + m p 
in  which o ' -  { a ’x > t yz   ^ t zx >
T
( 2 . 3 )
• T
and m = {1, 1,  1,  0 ,  0 ,  0 }
The d i sp la c e m e n t  o f  the  s o l i d  s k e l e t o n  i s  d e f in e d  as
u = { u, v, w }T ( 2 .4 )
The s t r a i n  i s  d e f in e d  in  Langrangian  terms to  a l lo w  f o r  l a r g e  
de fo rm a t ions  which may o ccu r  du r ing  c o l l a p s e .  Thus
e = {ex , ey> e z , Yxy, Yyz> Tz x } ( 2 . 5 )
and assume
-  1 11 (? v \Z  -  £  +  Z  ( 2 1 . 0  j
i n  which e* i s  the  usual  l i n e a r ,  i n f i n i t e s i m a l  s t r a i n  v e c t o r  d e f i n e d  as
f *
Ex
' a 
ax 0 0
Ey 0 aay 0
Ez = 0 0 aaz
Yxy aay
a
ax
0
Yy z 0 aaz'
a
ay
. Yzx . a1 az
0 a
ay
uw
L u ( 2 .7 )
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and i s  the  n o n l i n e a r  c o n t r i b u t i o n  which can be p r e s e n t e d  as
11 -  i  £ -  \
£ 0 0
0 £ 0
0 0 £
eT
~y £ 0
0 e T~Z
£ 0
2x
2 y
■§z
(2 .8 )
2 X {  V
3U 3 U 3 w J
3X * 3X * dXs ,
_3U _3V _3W.T
~y ~{ 3y* ay* dy*
2Z
3U 3V 3W >T 
*~3Z * 3Z * 3Z *
I t  i s  assumed t h a t  the  s t r e s s e s  a re  g iven  as the  P i o l a - K i r c h h o f f  
s t r e s s e s  and the  s t r a i n s  a re  as g iven  by e q u a t io n  ( 2 .6 )  and t h e s e  
can a l s o  be e x p re s s e d  in  inc re m en ta l  form and assumed t o  be 
s e p a r a b l e  i n t o  the  fo l lo w in g  te rm s :
de = de° + dec + m ^ ( 2 .9 )
a Q
where de i s  th e  e f f e c t i v e  s t r e s s  dependen t  s t r a i n  i n c r e m e n t ,  de/v  **
i s  the  s t r a i n  inc rem en t  due to  c reep  and i s  e q u i v a l e n t  t o  t h e  
v i s c o p l a s t i c  s t r a i n ,  d e ^ ,  which w i l l  be d i s c u s s e d  l a t e r  on,  
w hi le  de° i s  d e f in e d  he re  as th e  autogenous  v o lu m e t r i c  s t r a i n  
inc rem en t  to  r e f l e c t  the  compaction o f  th e  g r a i n  c o n f i g u r a t i o n  
due t o  c y c l i c  load ing  and w i l l  be d e s c r i b e d  in  d e t a i l  in  C hap te r  5. 
Thus the  c o n s t i t u t i v e  law can be w r i t t e n  d i r e c t l y  in  terms
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o f  e f f e c t i v e  s t r e s s e s  as
d a '  ={ D-p} ((je -  de -  m ) ( 2 . 10 )
where { Dj } s t a n d s  f o r  th e  t a n g e n t  c o n s t i t u t i v e  m a t r i x .
I f  pore p r e s s u r e  changes  a re  assumed t o  cause no s t r a i n  in  th e  
s o i l  s k e l e t o n ,  ( i . e .  the  g r a i n  c o m p r e s s i b i l i t y  i s  z e ro )  then  f o r  t h e  
undrained  c o n d i t i o n s  any o v e r a l l  v o l u n e t r i c  s t r a i n  i s  e n t i r e l y  
absorbed  by th e  f l u i d  c o m p r e s s i b i l i t y .  Thus
dp = a d e v ( 2 * 1 1 )
T ^ fwhere d e v = m de = de  + de  + de  and a = — , be ing  th e  f l u i d~ x y z n
bulk m o d u lu s ,n  being  the  p o r o s i t y  o f  the  s o i l .
R e l a t i o n s  ( 2 .3 )  to  (2 .1 1 )  g iv e  a comple te  d e s c r i p t i o n  o f  the  
undrained  s o i l  b e hav iou r  p ro v id ed  t h a t  a p p r o p r i a t e  c o n s t i t u t i v e  
t a n g e n t  m a t r i x ,  c r ee p  r e l a t i o n s  and in c re m e n t s  o f  au togenous  v o lu m e t r i c  
s t r a i n  can be de te rm ined  . Thus the  comple te  e f f e c t i v e  s t r e s s  can 
be w r i t t e n  as
t+A t  ' t  ‘ m , , . . c d f ?  , ( 2 . 1 2 )0 = 0 +  { D - J . }  (de -  de -  m V ) v 1
in which superscripts t ,  t  + At represent times t  and t  + At. Similarly  
the total pore water pressure at t  + At is  given as
t+ Atp = *p + a d e v ( 2 .1 3 )
At some i n i t i a l  t ime t  = 0 ,  ° a  ' = a ' ,°P  = P a re  taken  and w h i le
i
o Q and PQ a re  the  i n i t i a l  e f f e c t i v e  s t r e s s  and i n i t i a l  pore w a te r  
p r e s s u re  de te rmined  p r i o r  t o  the  e a r t h q u a k e .
I t  i s  o f  i n t e r e s t  to  n o te  t h a t  f o r  d r a i n e d  c o n d i t i o n s  t h e  pore  w a t e r  
p r e s s u r e  remains unchanged,  i . e .
t  + A t p = Op ( 2 . 1 4 )
Upon s u b s t i t u t i o n  o f  e q u a t i o n s  ( 2 . 1 2 ) ,  ( 2 . 1 3 )  and ( 2 . 1 4 )  i n t o
e q u a t io n  ( 2 . 3 ) ,  th e  fo l l o w i n g  e x p r e s s i o n  i s  o b t a i n e d
^ 0 de.t+At  /n  , t+ A t  , n , / t + A t  . C^m t  , , t  , 0 i ng = {Dy} e -  {Dy} ( de  +m —— ) + a '  + m p ( 2 . 1 5 )
in  which {Dy} = {Dy} + {Du > f o r  t h e  undra ined  c o n d i t i o n s  
{Dy} = {Dy} f o r  t h e  d r a i n e d  c o n d i t i o n s
While Du r e p r e s e n t s  t h e  s t i f f n e s s  m a t r i x  o f  t h e  pore  w a t e r  and can
be e x p re s s e d  as
{Du } = m a nJ  = a
H  °3  
°3  °3
in  which 1^ i s  a 3 x 3 m a t r i x ,  a l l  e l em en t s  o f  which a r e  u n i t y ,  and 
a re  3 x 3 n u l l  m a t r i c e s .
I t  i s  o f  i n t e r e s t  to  i n v e s t i g a t e  what happens when no change 
o f  t o t a l  s t r e s s  occu rs  and dec = 0 b u t  cfe^ f  0 .  We now have from 
e qua t ion  ( 2 . 3 )
dcr' = -  m dp ( 2 . 1 6 )
Equation ( 2 .1 0 )  can be r e w r i t t e n  as 
devde -  m —  = {CT} da ■ ( 2 . 1 7 )
3 T
i n  which {C^} = {D-j-}” h  M u l t i p y in g  t h e  above e q u a t i o n  by m and
2 . 8
i n s e r t i n g  i n t o  e q u a t io n  (2 .16 )  l e ad s  t o  
d e v -  de°  = -  ra {CT} i d p ( 2 . 1 8 )
We no te  t h a t
T r  1
5? {ct ) 0 = 1 C  (2 .1 9 )
in which Ky i s  the  bulk  t a n g e n t i a l  modulus r e l a t i n g  th e  change o f  
v o l u n e t r i c  s t r a i n  d e y to  t h e  change o f  mean e f f e c t i v e  s t r e s s ,  
dam' = -g (dax‘ + da 1 + 6a ^  ) and can be r e p r e s e n t e d  as
kT = d a-;n = eT ( 2 - 20)
_ d 7 v 3(1-2  „)
where Ey and v a r e  t a n g e n t  modulus and P o i s s o n ' s  r a t i o  o f  t h e  m a t e r i a l
r e s p e c t i v e l y .
I n s e r t i n g  e q u a t io n  (2 .11 )  i n t o  ( 2 .1 8 )  y i e l d s
n A n A 0  1 A n (2 -2 1 )d p -  d e y = -  d p
R e a r ra n g in g ,  f i n a l l y  y i e l d s
d p = ( 2 - 2 2 >
where •, (2>23)
+ ' / kt
Normally,  the  c o m p r e s s i b i l i t y  o f  pore w a te r  i s  much h i g h e r  than  
t h a t  o f  s o i l  s k e l e t o n ,  i . e .  Ky >> Ky, and p o r o s i t y  i s  s m a l l ,  the n
e q u a t io n  ( 2 . 2 3 )  can be s imply  e x p r e s s e d  as
3 = Kt (2.
in  which Ky i s  a l s o  known as th e  " rebound  modulus" o f  s o i l .
2 . 4 . 2  P l a s t i c i  t y :
When an inc rem en t  o f  s t r e s s  i s  a p p l i e d  t o  a m a t e r i a l ,  two 
types  o f  s t r a i n  may o c c u r ;  one i s  e l a s t i c  o r  r e v e r s i b l e  s t r a i n  and th e  
o t h e r  i s  p l a s t i c  or i r r e v e r s i b l e  s t r a i n .  The b a s i c  n a t u r e  o f  p l a s t i c  
s t r a i n  was f i r s t  s u g g e s te d  by S a i n t  Venant  ( H i l l ,  1 9 5 0 ) ^ ,  who 
proposed  t h a t  the  p r i n c i p a l  axes o f  th e  in c re m en ts  o f  p l a s t i c  s t r a i n  
should  c o i n c i d e  w i th  th e  p r i n c i p a l  axes o f  s t r e s s  and n o t  o f  s t r e s s  
in c re m e n t .  This  b e h a v io u r  c o n t r a s t s  s h a r p l y  w i th  the  b e h a v i o u r  o f  
e l a s t i c  m a t e r i a l s ,  in  which th e  p r i n c i p a l  axes o f  the  i n c re m e n t s  o f  
s t r a i n  c o i n c i d e  with  th e  p r i n c i p a l  axes o f  s t r e s s  in c re m e n t  and no t  
o f  s t r e s s .  Thus,  th e  b a s i c  n a t u r e  o f  p l a s t i c  s t r a i n  i s  q u i t e  d i f f e r e n t  
from t h a t  o f  e l a s t i c  s t r a i n .
Based on e x p e r im en ta l  e v i d e n c e ^ ,  th e  s o i l  behaves 
ap p ro x im a te ly  as an e l a s t i c  m a t e r i a l  a t  low s t r e s s  l e v e l s  and 
a p p ro x im a te ly  as a p l a s t i c  m a t e r i a l  a t  h igh  s t r e s s  l e v e l s .  T h e r e f o re  
an a c c u r a t e  model f o r  the  s t r e s s  s t r a i n  b e h a v i o u r  o f  th e  s o i l  shou ld  
take  i n t o  accoun t  the  p l a s t i c  n a t u r e  o f  t h e  s t r a i n  a t  high s t r e s s  l e v e l s
In t h e  e l a s t o p l a s t i c  a n a l y s i s ,  the  t o t a l  s t r a i n  in c re m e n t s
i
ea due t o  in c re m en ta l  s t r e s s  can be p o s t u l a t e d  as th e  sum o f  an 
e l a s t i c  component and a p l a s t i c  component £p ,  th us
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These s t r a i n s  can be o b t a i n e d  s e p a r a t e l y ,  t h e  e l a s t i c  s t r a i n  i s  
o b t a in e d  us ing  an e l a s t i c  c o n s t i t u t i v e  law w h i l e  th e  p l a s t i c  s t r a i n  
i s  c a l c u l a t e d  us ing  a p l a s t i c  c o n s t i t u t i v e  law. The p l a s t i c  s t r a i n  
i s  on ly  m o b i l i z e d  when the  s t r e s s  exceeds  some s t a t e  a t  which y i e l d  
s t a r t s ,  which i s  d e f in e d  by a y i e l d  f u n c t i o n  F as fo l lo w s
in which k i s  a harden ing  o r  s o f t e n i n g  p a r a m e te r .  This  y i e l d  c o n d i t i o n  
can be v i s u a l i z e d  as a s u r f a c e  in  n -d im en s io n a l  s t r e s s  space  
with  the  p o s i t i o n  o f  the  s u r f a c e  dependen t  on th e  i n s t a n t a n e o u s  
value o f  t h e  pa ram e te r  •*.
To d e f i n e  a comple te s t r a i n  r a t e  law i n  an e x p l i c i t  form, i t  
i s  n e c e s s a r y  to  i n t r o d u c e  t h e  conce p t  o f  a p l a s t i c  p o t e n t i a l  Q ( e . g .
the  d e r i v a t i v e s  o f  which d e f i n e  th e  d i r e c t i o n s  o f  the  s t r a i n i n g .  I f  dep 
denotes  the  inc rem en t  o f  p l a s t i c  s t r a i n  then
in  which x i s  a p r o p o r t i o n a l i t y  c o n s t a n t ,  as  y e t  unde te rm ined .  The 
r u l e  i s  known as the  n o r m a l i t y  p r i n c i p l e  because  e q u a t io n  ( 2 .2 8 )  
can be i n t e p r e t e d  as r e q u i r i n g  t h e  n o r m a l i t y  o f  the  p l a s t i c  s t r a i n  
in c rem en t  v e c t o r  to  the  p l a s t i c  p o t e n t i a l  s u r f a c e  in  th e  space  o f  n 
s t r e s s  d im ens ions .
F ( a ,  k )  “ 0 (2 .2 6 )
K i l l  1950).( 6 ^
Q = Q ( o  ) (2 .2 7 )
(2 .2 8 )
The p a r t i c u l a r  case when Q = F i s  known as a s s o c i a t i v e  
p l a s t i c i t y ;  when t h i s  r e l a t i o n  i s  n o t  s a t i s f i e d  t h e  p l a s t i c i t y
:.n
i s  n o n a s s o c i a t e d .  In e q u a t io n  ( 2 . 2 5 ) ,  t h e  e l a s t i c  s t r a i n  i n c re m e n t s  
a re  r e l a t e d  t o  s t r e s s  inc rem en ts  by a symmetric  e l a s t i c i t y  m a t r i x  
o f  c o n s t a n t  D as u s u a l .  Now e q u a t io n  (2 .2 5 )  can be r e w r i t t e n ,  in  
view o f  e q u a t io n  (2 .2 3 )  as
8a'
When p l a s t i c  y i e l d  occu r s  t h e  s t r e s s e s  a r e  on t h e  y i e l d  s u r f a c e  
as g iven by e q u a t io n  (2 .2 6 )  which a f t e r  d i f f e r e n t i a t i o n  g iv e s
(2 .2 9 )
AC 9F A ' J. 9F A ' -L 9F A n
dF = -55f 1 2 + • • •  + - r K d < ■ 0
or
/ 9F J  H ' 
(■S o '.) do -  AX = 0 (2 .3 0 )
in  which
Equat ions  (2 .2 9 )  and (2 .3 0 )  can be w r i t t e n  i n  a s imple  
m a t r ix  as
1
dea II
1
rS
Q
1
8 "
8a'
f » 'i 
da
o (—  )Tv 8aw
i
ci X
. j ( 2 .3 1 )
The i n d e t e r m i n a t e  c o n s t a n t  X can be e l i m i n a t e d .  This  r e s u l t s  i n  an 
e x p l i c i t  e x p r e s s i o n  which de te rm ines  the  s t r e s s  changes in  te rms  
o f  imposed s t r a i n  changes wi th
do -  {^frp} de ( 2 .3 2 )
where ^f aF an
{Dep}={D}- {d } ^ i}{| 1 i H D} (a+  {- | t :i}{n }{| 5 ( } )
8a 1 J '■8a 8a 8a
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Thus the e l a s t o p l a s t i c  m a t r ix  {D^p} t a k e s  th e  p l a c e  o f  th e  e l a s t i c i t y  
m a t r ix  {Oj} in  inc re m en ta l  a n a l y s i s .
Var ious  y i e l d  f u n c t i o n s  and p l a s t i c  p o t e n t i a l s  can be 
i n c o r p o r a t e d  in  th e  fo rm u l a t io n  depending on th e  n a t u r e  o f  t h e  m a t e r i a l s  
used.  The most commonly used e x p r e s s i o n s  f o r  s o i l s  a r e  th o s e  o f  
Mohr-Coulomb o r  a s i m p l i f i e d  form g iven  by Drucker  and P r a g e r ^ .
In such e x p r e s s i o n s  th e  f a i l u r e  c o n d i t i o n  o f  s o i l  i s  e q u a t e d  w i th  
y i e l d .  D e t a i l s  a re  d e s c r i b e d  by Nayak and Z i e n k i e w i c z ^ * ^ .
For Mohr-Coulomb,
r  i c* , , S ina  Sin<K-,  r  ( 2 .3 3 )F = Si n + ( C o s a ------------------- )a -  C Cos<J>
m / Z
For D ru ck e r -P rag e r
3 S in  <f> i “ i 3 C Cos <p /o q/i\
F = ( 3+ S i n ^ n  °  m 0 '  ( 3  + S W * ) i  ( 2 ‘ 34)
where C > <P a r e  r e s p e c t i v e l y  th e  cohes ion  and an g le  o f  i n t e r n a l  f r i c t i o n  
o f  th e  m a t e r i a l  and,
i
0m = T  = 3 K  + °y  + °'z >
?  = 0/  = i ( s ' x + s l + s'z  ) + 4  + Tyz  + T'zx >*
1 _j 3 / 3  do 
ot = Si n (— 2—  —7 ) wi ^  -  -g- < ot < ~
a
in  which
2 2 2 
J o = c '  c  ■ c  • +  2 t  1 T '  T *  -  c ' T *  “  c  T 1 “  c ' T '3 sx sy sz xy yz zx sx y z  sy  zx sz xy
I t  i s  well known t h a t  T resca  and Von Mises y i e l d  s u r f a c e s  can 
be r e a d i l y  o b t a i n e d  by s imply  s e t t i n g  <f> = 0 i n  e q u a t i o n s  ( 2 .3 3 )  and 
(2 .34)  r e s p e c t i v e l y .  Var ious  y i e l d  s u r f a c e s  a r e  as shown in  
F igure 2 . 3 .
C r i t i c a l  s t a t e  y i e l d  s u r f a c e s :  Roscoe,  S c h o f i e l d  and Wroth
proposed a model which s u c c e s s f u l l y  d i s t i n g u i s h e d  between y i e l d i n g  
and u l t im a te  c o l l a p s e  by in t r o d u c i n g  t h e  conce p t  o f  a " c r i t i c a l  s t a t e  
l i n e "  in  c o n j u n c t io n  wi th  a s t r a i n  dependen t  y i e l d  s u r f a c e .  They 
su g g es ted  t h a t  an e l em en t  o f  s o i l  undergoing  s h e a r  d e fo rm a t io n  could  
pass through a y i e l d  p o i n t  w i t h o u t  c o l l a p s e  and c o n t in u e  t o  deform 
u n t i l  e v e n t u a l l y  a c r i t i c a l  s t a t e  was r eached  a t  which p o i n t  
the  s o i l  cou ld  c o n t in u e  t o  deform w i t h o u t  f u r t h e r  change o f  vo ids  r a t i  
o r  s t r e s s .  When p r o j e c t e d  onto  th e  axes  o f  the  f i r s t  two s t r e s s  
i n v a r i a n t s ,  t h e  c r i t i c a l  s t a t e  l i n e  was r e p r e s e n t e d  by t h e  e q u a t i o n
In a l a t e r  pape r  Roscoe and Burl and showed t h a t  an e l l i p t i c a l  
shape f o r  the  s t r a i n  dependen t  y i e l d  s u r f a c e ,  which became known as 
the  Modif ied Cam c l a y  model ,  f i t t e d  ex p e r im e n ta l  d a t a  s a t i s f a c t o r i l y .  
The o r i g i n a l  th e o ry  was deve loped  f o r  t r i a x i a l  s t r e s s  c o n d i t i o n s  bu t  
was a l s o  ex tended  to  cover  the  case  o f  p lane  s t r a i n .  The m a t e r i a l  
param ete rs  f o r  th e  p lane  s t r a i n  case can be de te rm ine d  from t r i a x i a l  
t e s t s .
An e l l i p t i c a l  y i e l d  s u r f a c e  o f  t h i s  type i s  shown in  F ig u re  2 . 4  
and i t  can be seen t h a t  i t  i s  a f u n c t i o n  o f  the  f i r s t  two s t r e s s
i n v a r i a n t s .  I t  has a c o n s t a n t  shape t h a t  i s  a c i r c l e  o f  r e v o l u t i o n
around t h e  am' a x i s .  The e l l i p s e  p a s s e s  th rough  th e  o r i g i n  and 
i s  c e n t r e d  on th e  p o i n t y '  = -  PQ, / 3  <? = 0 ,  PQ being  equa l  t o  h a l f
and Mc s , th e  e q u a t io n  r e p r e s e n t i n g  th e  e l l i p t i c a l  y i e l d  s u r f a c e  can 
be w r i t t e n  as
This  y i e l d  s u r f a c e  has been implemented in  the  compute r
program. In o r d e r  to  show the  e f f e c t  o f  v a r io u s  y i e l d  s u r f a c e s
on dynamic r e s p o n s e ,  an e a r t h  dam and fo u n d a t io n  s u b j e c t e d  to  t h e
N-S component o f  El Centro May 1940 e a r th q u a k e  has been s t u d i e d
and the  r e s u l t s  a re  p r e s e n t e d  in  F igure  2 . 5 .  The r e s u l t s  shown
in F igure  2 .5  can be improved i f  the  c r i t i c a l  s t a t e  l i n e  c o i n c i d e
with the  Mohr Coulomb s u r f a c e .  This  has th e  e f f e c t  o f  making th e
g r a d i e n t  o f  the  c r i t i c a l  s t a t e  l i n e  a f u n c t i o n  o f  th e  t h i r d  s t r e s s
(12 131i n v a r i a n t .  The d e t a i l  can be seen in Ref.  * .
2 . 4 . 3  V i s c o p l a s t i c i t y :
The s t r e s s  s t r a i n  r e l a t i o n s h i p  o f  s o i l  can be t im e  dep en d e n t  
and the  p r o p e r  r a t e  e f f e c t s  need to  be c o n s i d e r e d .  For t h i s  
re a s o n ,  t h e  v i s c o p l a s t i c  model i s  a l s o  employed in  th e  p r e s e n t  s t u d y  
bu t  f o r  which the a p p r o p r i a t e  p h y s ic a l  c o n s t a n t s  a r e  assumed 
values as ex p e r im en ta l  ev idence  i s  l a c k i n g .
the p r e c o n s o l i d a t i o n  p r e s s u r e .  In terms o f  th e  p a ram e te r s  a m‘, o' , P
2
(2
which can be r e a r r a n g e d  to  g iv e
2 2
(2
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In the  a n a l y s i s  o f  e l  a s t o / v i s c o p l a s t i c  m a t e r i a l  b e h a v i o u r ,  th e  
t o t a l  inc rem en ta l  s t r a i n  can be p o s t u l a t e d  as  the  sum o f  an e l a s t i c
s t r a i n  and v i s c o p l a s t i c  s t r a i n ,  i . e . ^ " ^  ,
e = e r  + e ( 2 .3 8 )~vp
where th e  i n s t a n t a n e o u s  response  i s  e l a s t i c  and th e  v i s c o p l a s t i c  
component i s  c o n s id e r e d  to  be a d e layed  e f f e c t  and in c l u d e s  bo th  
the v iscous  and p l a s t i c  e f f e c t s  l imped t o g e t h e r .  The d e l a y e d
v i s c o p l a s t i c  s t r a i n  can be t r e a t e d  in  the  same manner as p r e s c r i b e d
i n i t i a l  s t r a i n .  The v i s c o p l a s t i c  f low r u l e  im ples  t h a t  v i s c o p l a s t i c  
s t r a i n  r a t e s  occur  on ly  when the  s t a t e  o f  s t r e s s  exceeds  a c e r t a i n  
t h r e s h o l d  s t a t i c  y i e l d  s u r f a c e .
In a s s o c i a t i v e  form, the  f low r u l e  i s  g iven  by
* i * \  8F ( 2 - 39)
- VP "  Y
where Y i s  a m a t e r i a l  f l u i d i t y  p a r a m e te r ,  F i s  a s c a l e r  y i e l d  f u n c t i o n  
as g iven  in  the p re v io u s  s e c t i o n  and the  n o t a t i o n  < > im ples  t h a t
< ♦ (F) > =
<J> ( F) when <f> (F) > 0
(2 .4 0 )
0 when <p (F) < 0
I t  may be no ted  t h a t  the  v i s c o p l a s t i c  s t r a i n  r a t e  e x i s t s  o n ly  when <f> (F) 
exceeds  ze ro  and depends on the  amount by which th e  s t a t i c  y i e l d  
s u r f a c e  i s  exceeded .  The c h o ice  o f  f u n c t i o n  4>(F) must  be in 
accordance  with  the  r a t e  dependen t  p r o p e r t i e s  o f  th e  m a t e r i a l s  c o n s id e r e d  
P e rz y n a ^ ® )  has d i s c u s s e d  the  use o f  v a r io u s  f u n c t i o n s  f o r  <f> (F) and
2 .1 6
proposed amongst o t h e r s  th e  fo l low ing  ty p e s
(1) l i n e a r  law <p (F) = F /FQ
(2) power law * (F) = (F /F Q) n
(3) e x p o n e n t i a l  law <j> (F) ^ e x p (F /F Q) -  1
where FQ deno tes  any r e f e r e n c e  va lue o f  F t o  r e n d e r  t h e  f u n c t i o n s  (F) 
nondimens ional  and to  so en a b le  th e  same c o n s t a n t  y to  be used f o r  
any f u n c t i o n  <i>(F).
While F > 0 c o n s t i t u t e s  an i n a d m i s s i b l e  s t a t e  in  t h e  t h e o r y  o f  
i n v i c i d  p l a s t i c i t y ,  the  p l a s t i c  s t a t e  be ing  i d e n t i f i e d  by F = 0 ,  
i t  i s  a d m is s i b l e  i n  v i s c o p l a s t i c i t y  and causes  v i s c o p l a s t i c  
de fo rm a t ions  t o  t a k e  p l a c e .
80 3F
For n o n a s s o c i a t i v e  flow r u l e  —i -  r e p l a c e s  — i n  e q u a t i o n
8 V  3 V
(2 .39)  where Q i s  a s e p a r a t e  p l a s t i c  p o t e n t i a l  as  d e s c r i b e d  in  th e
prev ious  s e c t i o n .
Various  y i e l d  f u n c t i o n s  and p l a s t i c  p o t e n t i a l s  g iven  in  th e  
p rev ious  s e c t i o n  can e q u a l l y  be a p p l i e d  t o  t h e  e l a s t o / v i s c o p l a s t i c  
model .
Using the  v i s c o p l a s t i c  s t r a i n  r a t e  g iven  by e q u a t i o n  [ 2 . 3 9 )  
the t o t a l  v i s c o p l a s t i c  s t r a i n  a t  t ime t + A t  can be o b t a i n e d  as
t+At t
e = e +~vp ~vp
t+At
T d T
- VP ( 2 . 4 1 )
I f  an a s s u n p t io n  o f  c o n s t a n t  v i s c o p l a s t i c  s t r a i n  r a t e  d u r in g  
each t ime s t e p  i s  made, then  the  second  term o f  the  r i g h t  hand s i d e  
in e q u a t io n  (2 .4 1 )  can be w r i t t e n  e x p l i c i t l y  as e At.
«s* V \J
I t  i s  w or thw hi le  n o t in g  t h a t  the  s t a t i c  com puta t ions  w i th  
the  e l a s t o / v i s c o p l a s t i c  model and an e x p l i c i t  scheme d e s c r i b e d  
above a re  c o n d i t i o n a l l y  s t a b l e ,  i . e . . ,  the y  a r e  u n s t a b l e  i f  a t ime  
s t e p  exceed ing  a c r i t i c a l  va lue  i s  used .  N im erica l  s t a b i l i t y  i n  
the  q u a s i - s t a t i c  v i s c o p l a s t i c  computa t ion  has  been d e r i v e d  by 
C o r m e a u ^ ’ ^ . For an a s s o c i a t i v e  Mohr-Coulomb y i e l d  c r i t e r i o n ,  
the  c r i t i c a l  t ime s t e p  l e n g th  i s  g iven  by th e  e x p r e s s i o n
,  4 ( U » )  ( 1- 2» ) ,C C . , , . 
m c y  E ( l - 2 v  + S in  if )
The e l a s t o p l a s t i c  s o l u t i o n  can be o b t a i n e d  from t h e  e l a s t o /  
v i s c o p l a s t i c  a lg o r i t h m  as a l i m i t i n g  c a s e  in  which o r  a t
t-*- 00 . However the  t ime s t e p  l e n g t h  r e q u i r e m e n t  o f  e q u a t i o n  (2 .4 2 )  
w i l l  become c r i t i c a l  as  y i n c r e a s e s .  I f  t h e  c r i t i c a l  t im e  s t e p  
le n g th  i s  s e l e c t e d  a p r i o r i  from th e  s t a b i l i t y  r e q u i r e m e n t  o f  
dynamic c o m pu ta t ion ,  w i th  t h i s  c r i t i c a l  t ime s t e p  l e n g t h ,  A t ^ ,  the  
l a r g e s t  va lue  o f  y which can be used i s  g iven  as
( ^ V c r i t  = *1 4(1 + v ) ( 1 ' 2v) ° C° S|  (2
U c r l t  E ( l - 2 v  + Sin 4>)
The r e d u c t i o n  f a c t o r  3j i s  a load ing  type  dependen t  f a c t o r  and i s  
u s u a l ly  l e s s  than  u n i t y .  For a uniform dynamic load  as shown in 
F igure  2 . 6 ,  a value o f  3-j = 1 was found t o  g iv e  a r e a s o n a b l y  
good app rox im at ion  o f  the  e l a s t o p l a s t i c  r e sp o n se  us ing t h e  e l a s t o /  
v i s c o p l a s t i c  mode l .
The e l a s t i c  s o l u t i o n  can e a s i l y  be o b t a i n e d  from th e  e l a s t o /  
v i s c o p l a s t i c  s o l u t i o n  by s imply  p u t t i n g  y = 0. The r e s p o n s e
o b ta in e d  w i th  v a r io u s  va lues  o f  y a r e  p r e s e n t e d  in  F ig u re  2 . 6 .
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In o r d e r  to  i l l u s t r a t e  the  b e h a v i o u r  o f  the  e l a s t o p l a s t i c
model and the  e l a s t o / v i s c o p l a s t i c  model ,  an e a r t h  dam w i th  th e
dimensions and m a t e r i a l  p r o p e r t i e s  shown in  F igu re  2 .7  i s  s u b j e c t e d
to  the  base  a c c e l e r a t i o n s  o f  the  f i r s t *  10 seconds  o f  th e  N-S component
o f  1940 El Centro e a r t h q u a k e .  The r e s u l t s  o f  t h i s  s tu d y  a r e
p re s e n te d  in  terms o f  the  t ime h i s t o r y  o f  d i s p l a c e m e n t s  as w e l l  as
s t r e s s e s .  F ig u re s  2 . 8  and 2 . 9  show r e s p e c t i v e l y  the  d i s p l a c e m e n t
time h i s t o r y  o f  the  dam c r e s t  and the  s h e a r  s t r e s s  t ime h i s t o r y  a t
the  Gauss p o i n t  marked by x.  F igure  2 .10  shows th e  d i s p l a c e m e n t
con tours  w i th  the  p r i n c i p a l  s t r e s s  d i s t r i b u t i o n s  ev e ry  second  t h r ou g h
the  passage  o f  the  e a r t h q u a k e .  I t  can be seen  from both  F ig u r e s
2 .8  and 2 . 9  t h a t  the  e l a s t i c  s o l u t i o n  l e ad s  to  c y c l i c  r e s p o n s e  and
the h i g h e s t  s h e a r  s t r e s s  w h i le  t h e  p l a s t i c  s o l u t i o n  y i e l d s  permanent
deformation  and the  low es t  s h e a r  s t r e s s ,  and the  e l a s t o / v i s c o p l a s t i c
s o l u t i o n  wi th = 0 .5  (ya t n ) l i e s  i n  between e l a s t i c
u c r i t
and p l a s t i c  r e s p o n s e s .
2 . 4 . 4  No Tension Model:
In g e n e r a l ,  the  s o i l  does no t  t a k e  any t e n s i l e  s t r e s s .  Th is  
c o n d i t io n  can be met i f  a p ro p e r  c u t  o f f  y i e l d  s u r f a c e  has been 
c a r r i e d  o u t .  A d e t a i l e d  d e s c r i p t i o n  o f  the  no t e n s i o n  model f o r  
the Mohr-Coulomb y i e l d  s u r f a c e  which i s  most  commonly used in 
s o i l  mechanics i s  g iven  below.
The Mohr-Coulomb y i e l d  s u r f a c e  as g iven  in  e q u a t i o n  ( 2 .3 3 )  
i s  r e c a l l e d  as fo l lows
" i
F = cj J^sin Cos a -  Sin a S in  <f>) -  £ Cos <J> ( 2 .4 4 )
I t  can be shown t h a t  th e  no t e n s i o n  y i e l d  s u r f a c e  i s  a v a i l a b l e  
by s e t t i n g  * = £  in  e q u a t io n  ( 2 . 4 4 ) .  T h e r e f o r e ,  th e  no t e n s i o n  
cu t  o f f  y i e l d  s u r f a c e  can be r e p r e s e n t e d  as
(2 .4 5 )
i
This y i e l d  s u r f a c e  can be r e p r e s e n t e d  i n  p la ne  as shown i n
Figure 2.11 in  which the  c o - o r d i n a t e s  o f  c o r n e r  B(a* - —) can be
o b ta in e d  by using  e q u a t io n s  (2 .4 4 )  and (2 .4 5 )  and a r e  g iven  as
fol lows
B ( a ‘ , ^ ; ) = B ( -  C Cos*
1 - ^  tan<f) C CoS(f>
( 2 . 4 6 )»
1 -  Sin a S 3  Cos a ( 1 -S in  <f> )
2.5 The Trea tm ent o f  S i n g u l a r i t y  o f  Y ie ld  S u r f a c e s :
I t  i s  obse rved  t h a t  th e  Mohr-Coulomb type  y i e l d  s u r f a c e  o r  no 
t e n s io n  c u t  o f f  model i s  i n h e r e n t  s i n g u l a r i t y  a t  th e  c o r n e r s .  In o r d e r  
to  p r e c l u d e  any s i n g u l a r i t y  a t  th e  c o r n e r s ,  th e  y i e l d  s u r f a c e s  mus t  
have a smooth t r a n s i t i o n  around the  c o r n e r s .  This  can be s im p ly  
ach ieved  by t a k in g  the mean va lues  o f  y i e l d  f u n c t i o n s  a t  the  
l e f t  hand s i d e  and th e  r i g h t  hand s i d e ,  i . e .
o r  by choos ing  a smooth f u n c t i o n  such as shown in  F ig u re  2 . 1 0 ,  a t  
c o rn e r  B,
(2 .4 7 )
2.20
and a t  c o r n e r  A (a', CQr = o ' 2 c o r  = 0)
Fco r
9 ” I o
2{ o'Cosa) + Sin  cx ) } ( 2 .4 9 )
A s i m i l a r  p rocedu re  can be a p p l i e d  t o  t h e  p l a s t i c  p o t e n t i a l  f u n c t i o n s
2 .6  The E x te n t  o f  Founda tion  Length i n c l u d e d  in  S t r u c t u r a l  Model:
For the  s e i s m i c  re sponse  a n a l y s i s  o f  e a r t h  dams, t h e  p r o p e r  
choice  o f  th e  fo u n d a t io n  dimens ions i s  c r u c i a l .  The e r r o r  
i n t ro d u c e d  by the  f i c t i t i o u s  boundary i s  t h a t  th e  s e i s m i c  
e x c i t a t i o n  induced  waves i n  the  fo u n d a t io n  a r e  r e f l e c t e d  back tow ards  
the  s t r u c t u r e  r a t h e r  than being  a l low ed  to  p ro p a g a t e  outwards  
i n d e f i n i t e l y .  I f  a l a r g e  enough f o u n d a t io n  b lock  i s  a d o p t e d ,  th e  
waves r e f l e c t e d  from th e  boundary w i l l  n o t  s i g n i f i c a n t l y  i n f l u e n c e  
the  re sponse  o f  the  s t r u c t u r e .  However, i f  t h e  fo u n d a t i o n  b lock  
i s  ex tended  to  an unnecessa ry  l e n g t h ,  the  computing t ime as w el l  
as the  c o s t  o f  a n a l y s i s  w i l l  i n c r e a s e  d r a s t i c a l l y .  A s tu d y  o f  
the  e f f e c t  o f  d i f f e r e n t  e x t e n t s  o f  f o u n d a t io n  l e n g t h  on the  r e s p o n s e  
o f  the  s t r u c t u r e  has been c a r r i e d  o u t  and th e  r e s u l t s  a r e  shown in  
F igure 2 .1 2 .  I t  can be seen  t h a t  e x t e n d i n g  t h e  f o u n d a t i o n  b lock  
in both ups tream and downstream d i r e c t i o n s  by a l e n g th  i d e n t i c a l  
to  the  base l e n g th  o f  the  dam e f f e c t i v e l y  n u l l i f i e d  the  i n f l u e n c e  
o f  r e f l e c t e d  waves.
( 21)I t  has been shownv J t h a t  i f  t h e  fo u n d a t io n  i s  much s t i f f e r  
than the  dam, t h e r e  w i l l  be no i n t e r f e r e n c e  o f  re sponse  between th e  
dam and the  fo u n d a t io n .  Thus in  the  p r o p e r  nodel i n  t h i s  c a s e ,  
i t  can s im ply  be assumed t h a t  the  dam i s  f i x e d  a long  i t s  b a s e .
2 .7  Modell ing  o f  B oundary :
I f  th e  s t r u c t u r e - f o u n d a t i o n - f l u i d  i n t e r a c t i o n  i s  t o  be 
taken i n t o  c o n s i d e r a t i o n ,  then  the  p r o p e r  m o d e l l in g  o f  b o u n d a r i e s  
i s  o f  p r a c t i c a l  im p o r tan ce .  For an e a r t h q u a k e  ty p e  o f  l o a d in g  
and f o r  a s u f f i c i e n t l y  long e x t e n t  o f  b o u n d a r i e s ,  i t  i s  common 
p r a c t i c e  t o  t r e a t  th e  b o u n d a r ie s  along  bo th  ends o f  th e  f o u n d a t i o n  
as on ly  p e r m i t t i n g  f r e e  movement in a h o r i z o n t a l  d i r e c t i o n .
2 .8  S e l e c t i o n  o f  Design E a r th q u a k e :
To i n v e s t i g a t e  th e  b eh a v io u r  o f  dams i n  e a r t h q u a k e s ,  i t  i s  
n e c e s s a ry  f i r s t  t o  e s t a b l i s h  th e  ground motion c h a r a c t e r i s t i c s  
o f  the des ign  e a r th q u a k e s  and th e  maximum p ro b ab ly  e a r t h q u a k e  a t  
the  proposed  d a m s i t e ^ ”^ .  This  can be ach i e v e d  by s tu d y i n g  t h e  
a v a i l a b l e  e a r th q u a k e  h i s t o r y  o f  t h e  r e g i o n .  As a r e s u l t  o f  the  
s e i s m o lo g ic a l  s t u d y ,  th e  d es ign  e a r th q u ak e  and th e  maximum p o s s i b l e  
ea r thquake  in  terms o f  t h e i r  magnitude and d i s t a n c e  from th e  d am si te  
can be d e f i n e d .  Of c o u r s e ,  the  magnitude o f  th e  d es ign  e a r t h q u a k e  
and i t s  d i s t a n c e  from th e  dam si te  do no t  d i r e c t l y  i n d i c a t e  the  
ground motion which a dam s h o u ld  r e s i s t .  In o r d e r  to  f u l f i l l  t h e  
des ign r e q u i r e m e n t s ,  i t  i s  n e c e s s a r y  to  r e l a t e  t h e s e  b a s i c  s e i s m o lo g i  cal  
param ete rs  to  the  i n t e n s i t y  and o t h e r  c h a r a c t e r i s t i c s  o f  t h e  a c c e l e r a t i o n s  
expec ted  a t  the  d a m s i t e .  One o f  t h e  s i m p l e s t  ways o f  d e f i n i n g  
the  ex p ec ted  ground n a t i o n s  i s  to  make use o f  the  a c c e le ro g ra m  o f  
a p a s t  e a r th q u a k e  which had a comparable magnitude and was 
recorded  a t  an a p p r o p r i a t e  d i s t a n c e .  However, i t  i s  n o t  s u f f i c i e n t  
to  r e p r e s e n t  the  re sponse  o f  the  dam by the  use o f  a s i n g l e  r e c o r d  
only .  This  can be compensated f o r  by mod i fy ing  and d i s t o r t i n g  an
2.22
a c t u a l  e a r th q u ak e  r e c o rd  so t h a t  i t  r e p r e s e n t s  an e v e n t  o f  d i f f e r e n t  
magnitudes and d i s t a n c e s .  For i n s t a n c e ,  th e  i n t e n s i t y  o f  motion 
may be a d j u s t e d  by means o f  a s i n g l e  am pl i tude  s c a l i n g  f a c t o r ,  
the  frequency  c o n t e n t  may be modif ied  by a change o f  t ime 
s c a l e ,  and the  d u r a t i o n  o f  th e  e a r th q u a k e  may be changed by 
t r u n c a t i n g  o r  d u p l i c a t i n g  p o r t i o n s  o f  t h e  r e c o r d .  However, because  
a l l  s i g n i f i c a n t  e a r th q u a k e  mot ions a r e  g e n e r a t e d  by p r o c e s s e s  
t h a t  a r e  e s s e n t i a l l y  random, th e  c h a r a c t e r i s t i c s  o f  th e  ground 
motions a s s o c i a t e d  w i th  a p a r t i c u l a r  magnitude and d i s t a n c e  can 
vary w ide ly  from one e v e n t  to  th e  n e x t .  T h e r e f o r e ,  i t  i s  becoming 
common p r a c t i c e  t o  d e r i v e  a r t i f i c i a l  e a r th q u a k e  r e c o r d s  which
f 9A or \
r e p r e s e n t  the  d e s i r e d  d es ign  ea r thquake^  ’ The p r e s e n t
s tudy  i s  based  on the  r eco rd ed  El Cent ro  flay 1940 e a r t h q u a k e .
Three components o f  t h i s  a c c e l e ro g ra m ,  i . e . ,  N-S, E-W and v e r t i c a l  
components,  a r e  shown in  F igu re  2 .1 3 .
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No t e n s i o n  c u t  o f p
(1 )  On p r i n c i p a l  s t r e s s  p lane
No t e n s i o n  c u t  o f f
(2 )  On s t r e s s  i n v a r i a n t  o lane
FIGURE 2.11 NO TENSION CUT OFF MODEL
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CHAPTER 3 
FINITE ELEMENT SPATIAL DISCRETIZATION
3.1 INTRODUCTION
N o n l in e a r  s t r u c t u r a l  a n a l y s i s  i s  to d a y ,  c a r r i e d  o u t  a lmost
e x c l u s i v e l y  by th e  f i n i t e  e lem en t  method.  In n o n l i n e a r  dynamic
a n a l y s i s ,  t h e  f i n i t e  e lem en t  method can be a p p l i e d  both in  space  and
in  t im e .  However, i t  appears  more p r a c t i c a l  to  use th e  f i n i t e  e l em en t
method in  space  and t h e  f i n i t e  d i f f e r e n c e  method in  t ime a l t h o u g h ,  as
shown by Z i e n k i e w i c z ^  both p ro c e s s e s  a re  i d e n t i c a l  in  t h e  t ime domain
This approach  i s  adopted  in  t h e  p r e s e n t  s t u d y .  In t h i s  c h a p t e r  the
f i n i t e  e l em en t  s p a t i a l  d i s c r e t i z a t i o n  i s  p r e s e n t e d .  The temporal  
d i s c r e t i z a t i o n  w i l l  be d i s c u s s e d  in  the  n ex t  c h a p t e r .
3 .2  DYNAMIC FORMULATION
In t h e  p r e s e n t  f o r m u l a t i o n ,  th e  d i s p la c e m e n t  based  f i n i t e  
e lement p ro ced u re  i s  adopted  and th e  p r i n c i p l e  o f  v i r t u a l  d i s p la c e m e n ts  
i s  used t o  e x p r e s s  the  e q u i l i b r i u m  o f  the  body in  t h e  c o n f i g u r a t i o n  a t  
t ime t .  Assuming t h a t  th e  d i r e c t i o n  and magni tude  o f  th e  body lo a d in g  
and i n e r t i a  l o a d in g  i s  in dependen t  o f  th e  c o n f i g u r a t i o n  ( i . e . ,  the  
path  in d e p e n d e n t  lo a d in g  only  i s  c o n s i d e r e d ) ,  the  p r i n c i p l e  o f  v i r t u a l  
d i s p la c e m e n ts  r e q u i r e s  t h a t ^ ” ^
f  p % 6u dft + y lU 6U dft + 6 dft~  J <b % % 'b
ft
f 6U dft +f\j 'b p  fiu d fi ( 3 .1 )
ft
in  which d o t s  r e p r e s e n t  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  t i m e ;  6u i s  a
v i r t u a l  v a r i a t i o n  in th e  c u r r e n t  d i s p la c e m e n t  components *u;  f  i s  th e
3.C
i n i t i a l  body f o r c e s ;  u r e p r e s e n t s  a g iven  base a c c e le ro g ra m ,  in 
g e n e r a l ,  i t  i s  o b t a in e d  from e a r th q u a k e  reco rd s  and d i s c r e t i z e d  a t  
e q u a l l y  spaced  t ime i n t e r v a l s ;  p ,  y a r e  mass d e n s i t y  and v i s c o s i t y  
o f  th e  m a t e r i a l  r e s p e c t i v e l y .  F i n a l l y ,  the  s t r e s s  v e c t o r  *o and th e
s t r a i n  v e c t o r  a t  t ime t  a r e  r e s p e c t i v e l y  as p r e s e n t e d  in  C hap te r  2.
The e q u i l i b r i u m  e q u a t io n  ( 3 .1 )  i s  now i n t e g r a t e d  by u s in g  th e  
i s o p a r a m e t r i c  f i n i t e  e lem en t  s p a t i a l  d i s c r e t i z a t i o n .  I t  i s  u n n e c e s s a ry  
t o  r e c a l l  h e r e  th e  f u l l  d e s c r i p t i o n  o f  th e  f i n i t e  e lem en t  p r o c e s s  and 
on ly  a b r i e f  summary o f  th e  s a l i e n t  p o i n t s  i s  in c lu d e d  us ing  th e  
s t a n d a r d  n o t a t i o n  used by Z i e n k i e w i c z ^ .
C o n s id e r  th e  8 noded p a r a b o l i c  i s o p a r a m e t r i c  e l em en t  shown in 
F igu re  3 . 1 .  I f  th e  c o o r d i n a t e s  o f  the  nodes a r e  deno ted  as ( x ^ ,  y^ )  
and the  c o r r e s p o n d in g  d i s p la c e m e n ts  as (u^ ,  v^) (where i v a r io u s  from 
1 to  8 ) ,  t h e n  any p o i n t  (x ,  y )  w i t h i n  t h e  element and t h e  c o r r e s p o n d in g  
d i s p la c e m e n t  ( u ,  v) can be r e p r e s e n t e d  as
8 8
X = i N. x ,  ; y  = E Ni y i
i = l  1 1  i = l
( 3 . 2 )
8 8
u = I  N. u.  ; v = I N. v .
i = l  1 1 i = l  1 1
where N^' s  a r e  th e  shape f u n c t i o n s  which a r e  l o c a t i o n  dependen t .
Table 3.1 l i s t s  t h e  shape f u n c t i o n s  in terms o f  c u r v i l i n e a r  c o o r d i n a t e s  
£ ,  n f o r  4 noded l i n e a r  and the  8 noded p a r a b o l i c  i s o p a r a m e t r i c  e l e m e n t s ,
I f  t h e  s t a n d a r d  f i n i t e  e l em en t  d i s c r e t i z a t i o n  im p l ie d  by
e q u a t io n  ( 3 . 2 ) ,  i s  i n s e r t e d  i n t o  ( 3 .1 )  th e n  t h e  fo l l o w i n g  e x p r e s s i o n
i s  o b ta in e d
M a + C a + P ( a ) = F ( t )  ( 3 . 3 )'v, % 'x, a. 'v
3 . 3
i n  which M = j  p N dft
£ ( t )  =
NT y N d£2
NT f  <te + M t u
'Xj '"0 'X/ 'V;
and P (a )  ='V ' BT a dft
I t  i s  u n d e r s to o d  in  th e  above t h a t  o r e p r e s e n t s  t h e  t o t a l  s t r e s s  as 
d e s c r ib e d  in  t h e  p re v io u s  c h a p t e r .  Under d r a in e d  c o n d i t i o n s  (w i th  P = 0) 
and f o r  l i n e a r  problems a dft can be r e p l a c e d  by K a w h i l e
( T ' nK = B D B dft and D i s  th e  e l a s t i c i t y  m a t r i x .
‘V  j  %  fX, 'Xj *
3 .3  MASS MATRIX
The mass m a t r i x  M given  in  e q u a t io n  ( 3 .3 )  uses  th e  shape f u n c t i o n s  
as  employed in  t h e  c a l c u l a t i o n  o f  t h e  load  v e c t o r s  and in  t h e  e v a l u a t i o n  
o f  the  i n t e r n a l  r e s i s t i n g  f o r c e s .  Thus a c o n s i s t e n t  load  v e c t o r  and a 
c o n s i s t e n t  mass m a t r ix  have been e v a l u a t e d .  When, as  in t h i s  t h e s i s ,  
t h e  e x p l i c i t  t ime s t e p p i n g  scheme i s  u s e d ,  t h e  " d i a g o n a l i z e d "  o r  "lumped" 
mass m a t r i x  i s  more c o n v e n i e n t .  A lumped mass m a t r ix  o f  such k ind  
can be o b t a i n e d  by th e  use o f  s u i t a b l e  shape f u n c t i o n s  which have 
v a lu es  o f  u n i t y  in  a c e r t a i n  p a r t  o f  th e  e lement  su r ro u n d in g  th e  node i 
and ze ro  e l s e w h e r e .  Without  o v e r l a p p in g  o f  such f u n c t i o n s  a l l  te rms 
c o n t a i n i n g  p r o d u c t s  a r e  ze ro  and on ly  d ia gona l  terms r em a in ,  i . e . ,
JjT p Nj d£2 = 0 ( i  ji j )  ( 3 . 4 ) .
ft
In th e  p r e s e n t  s t u d y ,  th e  s p e c i a l  mass lumping scheme g iven  by H in to n ,  
e t .  a l . ^  i s  used .  This  lumping scheme t a k e s  th e  c o n s i s t e n t  mass m a t r ix  
and lumps in  p r o p o r t i o n  t o  the  d ia gona l  te rms o f  th e  c o n s i s t e n t  mass m a t r ix ,
,5.4
In t h i s  scheme th e  c o n s i s t e n t  mass m a t r ix  o f  each e lem en t  i s  f i r s t l y  
e v a l u a t e d  by th e  fo l l o w i n g  e x p r e s s io n
M . . =
i j p Nj da ( 3 . 5 )
ft
Then th e  e l em en t  d ia gona l  term M? i s  computed as
Mi “ Mi i  4 -  ( 3 -6 )
1
where M = p dft ( 3 . 7 )
Having e v a l u a t e d  a l l  e l em en t  d iagona l  t e rm s ,  each d iagona l  te rm can be
o b ta in e d  by s imply  summing the  v a lues  o f  a l l  e lem en ts  c o n t r i b u t i n g  to
t h a t  p a r t i c u l a r  t e rm ,  i . e . ,
m
Hi = I  M? ( 3 . 8 )
1 e= l  1
where th e  s u b s c r i p t  e s t a n d s  f o r  a p a r t i c u l a r  e lement and m d e n o te s  t h e
J.L
number o f  e l em en t s  c o n t r i b u t i n g  to  i d ia g o n a l  t e rm .
Use o f  p ie c e w is e  "lumping" f u n c t i o n s  s u g g e s te d  here  r e s u l t s  in
a l o s s  o f  a c c u ra c y  and i t  i s  p o s s i b l e  t o  d e v i s e  a l t e r n a t i v e  p ro c e d u re s
o f  lumping f o r  c e r t a i n  e lem en ts  by s p e c i a l  i n t e g r a t i o n  r u l e  which a r e
(51more a c c u r a t e .  These have been proposed by F r i e d  and o t h e r s v '  and 
a r e  f u l l y  d i s c u s s e d  in r e f e r e n c e  (1 ) .
3 .4  DAMPING MATRIX
In p r a c t i c e ,  i t  i s  n o t  g e n e r a l l y  p o s s i b l e  t o  d e f i n e  and d e t e rm in e  
th e  v i s c o s i t y  y from which th e  damping m a t r ix  C i s  d e te rm in e d .  Thus i t  
has become a common p r a c t i c e  t o  adopt  Rayle igh  damping which can be 
w r i t t e n  as
C = aM + SK ( 3 . 9 )
in  which a and 3 a r e  de te rm ined  e x p e r i m e n t a l l y .  F u r th e rm o re ,  i t  can 
be shown t h a t  th e  damping m a t r ix  adopted  i s  c r  where i s  t h e
dominant  sy s t e m ,  which p r e v a i l s  in t h e  most s t r u c t u r a l  dynamics ,  u s u a l l y  
t h e  c o n t r i b u t i o n  o f  th e  second term in  e q u a t io n  (3 .1 0 )  i s  n e g l i g i b l e .  
T h e r e f o r e ,  th e  damping r a t i o  cr  can be s i m p l i f i e d  as
Since  C i s  p r o p o r t i o n a l  t o  M, t h e r e f o r e  i t  i s  a l s o  a d iagona l  m a t r i x .
3 .5  EVALUATION OF ISOPARAMETRIC ELEMENTS
In t h e  s t a t i c  a n a l y s i s ,  p r a c t i c a l  e x p e r i e n c e  s u g g e s t s  t h a t ,  f o r  
a given  number o f  t o t a l  deg ree s  o f  freedom in  a s t r u c t u r e ,  g r e a t e r  
accuracy  i s  a c h i ev ed  by use o f  fewer  complex e lem en ts  in  p la c e  o f  a l a r g e r  
number o f  s im p le  e l e m e n t s .  This  f a c t  i s  s u b s t a n t i a t e d  by t h e o r e t i c a l  
e r r o r  a n a l y s i s  p rov ided  th e  s o l u t i o n  i s  s u f f i c i e n t l y  smooth. I t  would 
be o f  i n t e r e s t  to  s tu d y  w he the r  the  same c o n c l u s i o n  can be made in  t h e  
dynamic c o n t e x t .  Thus th e  e a r t h  dam, as shown in  F ig u re  3 . 2 ,  was 
s t u d i e d .  The e a r t h  dam i s  s e p a r a t e l y  modelled  by an 8 noded f i n i t e  
e l em en t  mesh and a 4 noded f i n i t e  e lement  mesh as shown in F ig u re s  3 .3  
and 3 . 4 .  Both models  a r e  s u b j e c t e d  t o  th e  same base a c c e l e r a t i o n s  o f
j. L.
damping m a t r i x  a s s o c i a t e d  w i th  c r i t i c a l  damping o f  th e  r  mode. The 
damping r a t i o  z r  a s s o c i a t e d  w i th  th e  r  mode o f  th e  sys tem can be 
ex p re s s e d  in  te rms o f  a and 3 by th e  r e l a t i o n
(3 .1 0 )
j .  l_
where wr  i s  t h e  c i r c u l a r  f req u en cy  in  th e  r  mode. In a low f r e q u e n c y
(3 .1 1 )
F i n a l l y ,  t h e  damping m a t r ix  can be w r i t t e n  as
£  ■
(3 .1 2 )
th e  N-S component o f  El C en t re  May 1940 e a r t h q u a k e .  F ig u re  3 .5  
shows t h e  t ime  h i s t o r y  o f  d i s p la c e m e n ts  a t  th e  dam c r e s t .  F ig u r e s  3.6 
and 3 .7  a r e  r e s p e c t i v e l y  shown th e  deformed meshes f o r  th e  4 noded 
f i n i t e  e l e m e n t  mesh and th e  8 noded f i n i t e  e lem en t  mesh a t  two second 
i n t e r v a l s  from th e  s t a r t  o f  mot ion .  Table  3 .2  p r e s e n t s  t h e  compar ison 
o f  th e  two meshes .  I t  can be seen from F igu re  3 .5  t h a t ,  f o r  t h e  4 noded 
i s o p a r a m e t r i c  f i n i t e  e lement  mesh,  t h e  d i s p la c e m e n t  t ime h i s t o r y  a t  th e  
dam c r e s t  l e a d s  t o  th e  uneven p a t t e r n  o f  d i s p la c e m e n ts  w h i l e  t h e  8 noded 
i s o p a r a m e t r i c  f i n i t e  e lement mesh g iv e s  a more r e a l i s t i c  p a t t e r n  o f  
d i s p l a c e m e n t .  The reason  f o r  th e  uneven d i s p la c e m e n ts  o b t a i n e d  w i th  th e  
4 noded i s o p a r a m e t r i c  f i n i t e  e lement  mesh,  i s  t h a t  t h e  h o u r g l a s s i n g  mode 
p a r t i c i p a t e s  in  t h e  dynamic r e s p o n s e .  The h o u r g l a s s i n g  mode can be 
e l i m i n a t e d  by th e  use o f  th e  f u l l  i n t e g r a t i o n  r u l e  ( i . e . ,  f o r  th e  4 noded 
e lement  use  2x2 Gauss-Legendre i n t e g r a t i o n  r u l e ) .  The deformed meshes 
o b t a in e d  u s in g  th e  4 noded e lement  w i th  f u l l  i n t e g r a t i o n  r u l e  a r e  
p r e s e n t e d  in  F igu re  3 . 8 .  I t  can be seen  from t h i s  f i g u r e  t h a t  t h e  
h o u r g l a s s i n g  mode i s  no lo n g e r  p r e s e n t .  However, th e  use o f  f u l l  
i n t e g r a t i o n  r u l e  i n c r e a s e s  the  computing c o s t .  T h e r e f o r e ,  t h e  main 
advan tage  o f  u s ing  th e  4 noded i s o p a r a m e t r i c  f i n i t e  e l em en t  mesh,  t h a t  i s  
th e  f a c t  t h a t  i t  i s  ch ea p e r  in  computa t ion  c o s t  compared w i th  t h e  
8 noded i s o p a r a m e t r i c  f i n i t e  e lem en t  mesh,  may be l o s t .  F u r t h e r ,  th e  
use o f  4 noded e lement  r e q u i r e s  more d a t a  p r e p a r a t i o n  c o s t .  T h e r e f o r e ,  
g e n e r a l l y ,  in  dynamic as  well  a s  s t a t i c  a n a l y s i s ,  t h e  8 noded i s o ­
p a r a m e t r i c  e l em en t  i s  p r e f e r r e d  t o  th e  4 noded e l e m e n t .  A more 
d e t a i l e d  s tu d y  o f  th e  performance  o f  v a r io u s  i s o p a r a m e t r i c  e l em en t s  
based on e i g e n v a l u e  and mode shape a n a l y s i s  has been c a r r i e d  o u t  by 
B i c a n ic ^ .
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3 . 8
ELEMENT NODES SHAPE FUNCTION N.
LINEAR 
(4 nodes)
CORNER
Zj = ± 1 > n.j = ± 1 i ( i  + «0 ) t 1 + no )
QUADRATIC 
(8 nodes)
CORNER
£.j = ± 1 ,  = ± 1 7  (1 + e0 ) (1 + n0 ) ( V v 1}
MIDSIDE
51 = 0 ,  ni = ±1 \  ( 1 - 5 2 ) ( l+ n 0 )
MIDSIDE
Ci = ± 1,  n i = 0 \  ( l+ 5 0 ) ( 1 - n 2 )
Note: , nQ = nn^
TABLE 3.1 SHAPE FUNCTIONS FOR 2D ISOPARAMETRIC ELEMENTS
TA
BL
E 
3.
2
3 . 9
cn
4-» CD
c S- 4->
CD <D f0
E CL i -
E 03 CD 3
O <D U  O
CO s z O  O
o E  CO
CT
o
>r— ^
+ J (A
03 — -
+■> CVJ
3  CD v o CO
CL E t o c o •
E  ' < ~ 1— O
O  4->
CO
CL*—'
CD 00
+J — -
CO CVJ VD
-C r— O CvJ
CD 4-> o O
E  cn • •
■r- C o o
f— QJ
'—
oo
to  +-> cvj
to  c CVJ o oo
3  *r- OO o •
03 O r — o
c o  a .
4 -
O
E
to  O
CD *0 o
CJ CD «3- Cvl
S- CD o •
OO CVJ CVJ r—
<D 4 —
C3
CO
4->
C CO
CD VO
E CvJ VO •
CD Oo CVJ COi—
UJ
CO
CD o
- a CVJ CVJ CVJ
o CvJ o •
z r—
4-> + J
C c
CD CDE E
CD CD
UJ r— 1—
Cl CD CD>-J— CD CD
T3 ■o o
O O •r—
C c +->
03
CO on
oo
tor^ .
c_>oo
fC
co
OO*ocoua></>
ovo
to
a>
3
S-
Co
•r*+->
«3s-
c n
<d-t->
c
CVJX
CVJ
4->c
cdE
CD
a)
CD•ooc
s-
o
4-
<DE
s-
CD4->3
CLEOo
CDJCZ
CD+->O
S -  1 s  = -
~o
n 1
( 1)
1 . 0  0 .577
1.0
‘ n
i 1
0
j 0.577 n
e
o
( 2 )
FIG: 3.1 (1)  ISOPARAMETRIC ELEMENTS
(2) GAUSS INTEGRATION RULE
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F i g . 3 .7 .  DEFORMED MESH OF 3 MODED FINITE ELEMENT MESH
US I No 2 x2 INTEGRATION RULE ( DISPLACEMENT x 100)
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F in .  3 . 3  DEFORMED MESH OF 4 NODED FINITE ELEMENT MESH 
USING 2 x 2  INTEGRATION (DISPLACEMENT x 40)
4 .1
CHAPTER 4 
SOLUTION TECHNIQUE
4.1 INTRODUCTION
The use o f  f i n i t e  e lement s p a t i a l  d i s c r e t i z a t i o n  in  n o n l i n e a r  
t r a n s i e n t  dynamic problems l e a d s  to  a system o f  second o r d e r  d i f f e r e n t i a l  
e q u a t io n s  w i th  r e s p e c t  to  t ime as g iven  in  C hap te r  3. I t  ap p ea r s  t h a t  
th e  only  g e n e r a l l y  a p p l i c a b l e ' t e c h n i q u e  f o r  n o n l i n e a r  a n a l y s i s  o f  the  
coupled  e q u a t io n s  o f  motion i s  by th e  d i r e c t  numerica l  s t e p  by s t e p  
i n t e g r a t i o n  in  t i m e ,  where e i t h e r  i m p l i c i t  o r  e x p l i c i t  t ime s t e p p i n g  schemes 
may be u t i l i z e d  f o r  th e  i n t e g r a t i o n  o p e r a t o r s .
I f  the solut ion o f  time at t  + At i s  based on using the equilibrium 
conditions at time t ,  the integration procedure i s  called the e x p l i c i t  
integration method. I f  the solution o f  time at t  + At i s  based on using 
the equilibrium conditions at time t  + At i t  i s  ca lled  the implic it  
integration method.
The i m p l i c i t  schemes r e s u l t  i n  t h e  s o l u t i o n  o f  coupled  n o n l i n e a r  
a l g e b r a i c  e q u a t i o n s  a t  each t ime s t e p  and t h e s e  schemes can be uncond­
i t i o n a l l y  s t a b l e ^  #^ .  On th e  o t h e r  hand,  t h e  e x p l i c i t  schemes,  i f  t h e  
mass and th e  damping m a t r i c e s  a r e  d i a g o n a l i z e d  as d e s c r i b e d  in  C h ap te r  3 ,  
r e s u l t  i n  a system o f  uncoupled e q u a t i o n s .  T h e r e f o r e ,  th e  com puta t ion  
can be c a r r i e d  o u t  node by node i n v o l v in g  on ly  m a t r i x  m u l t i p l i c a t i o n  
with  no need f o r  m a t r i x  i n v e r s i o n .  The programs based  on th e  e x p l i c i t  
method r e q u i r e  a small  amount o f  computer  core  and computing t ime p e r  
t ime s t e p .  However, th e  e x p l i c i t  schemes a r e  c o n d i t i o n a l l y  s t a b l e  and 
w i l l  be u n s t a b l e  i f  t h e  t ime s t e p  l e n g th  used i s  g r e a t e r  than  t h e  c r i t i c a l  
v a lu e .
4 . 2
For many e l a s t o p l a s t i c  p rob lem s ,  i t  has been s h o w n ^ ,Z^  t h a t  
t h e . c e n t r a l  d i f f e r e n c e  e x p l i c i t  scheme i s  s u p e r i o r  t o  any i m p l i c i t  
scheme, e s p e c i a l l y ,  f o r  a system o f  l a r g e  bandwid th .  The advan tage  o f  
th e  i m p l i c i t  schemes in  l i n e a r  problems i s  t h e  p o s s i b l e  use o f  a 
r e l a t i v e l y  l a r g e  t ime s t e p ,  when th e s e  schemes a r e  u n c o n d i t i o n a l l y  s t a b l e .  
However, f o r  m a t e r i a l l y  n o n l i n e a r  problems l a r g e  t ime  s t e p s  can n o t  be 
used ,  s i n c e  t h e  s t r e s s  should  fo l lo w  t h e  n o n l i n e a r  m a t e r i a l  c o n s t i t u t i v e  
cu rv e .  In t h e  case  o f  a m ode ra te ly  o r  h i g h l y  n o n l i n e a r  m a t e r i a l ,  t h e  
r e q u i r e d  m a t e r i a l  t ime s t e p  i s  o f t e n  l e s s  tha n  the  dynamic s t a b i l i t y  l i m i t ,  
e s p e c i a l l y  when th e  a p p l i e d  loads  a r e  changed r a p i d l y  as e a r th q u a k e  
c o n d i t i o n .  In e l a s t o / v i s c o p l a s t i c  p rob lem s ,  pseudo t ime s t e p s  a r e  a l low ed  
between each dynamic t ime s t e p  and s t r e s s e s  a r e  p e r m i t t e d  t o  be t e m p o r a r i l y  
o u t s i d e  the  y i e l d  s u r f a c e .  T h e r e f o r e ,  th e  e x p l i c i t  scheme may n o t  be 
s u p e r i o r  t o  th e  i m p l i c i t  scheme. C o n s eq u en t ly ,  i t  i s  o f  i n t e r e s t  t o  
compare the  e f f i c i e n c y  o f  both i m p l i c i t  and e x p l i c i t  schemes in  th e  non­
l i n e a r  dynamic a n a l y s e s  based on an e l a s t o / v i s c o p l a s t i c  c o n s t i t u t i v e  model .  
In t h i s  c h a p t e r ,  t h e  computa t ion  a l g o r i t h m s  f o r  both schemes a r e  d i s c u s s e d  
and i l l u s t r a t e d  by an example.
4 .2  IMPLICIT TIME STEPPING SCHEME
Equat ion  ( 3 .3 )  in  th e  case  o f  n o n l i n e a r  sys tems  can be w r i t t e n  
a t  t ime t  + At a s ^ * ^ * ^
M( a^ + Aa) + C(^a + Aa) +
f \ j X 'Vi 'V/ 'V> %  'Vi'
BT( t o + Aa) da  = t + i t R ( 4 . 1 )
ft
in which Aa, Aa, Ao are the changes in the accelerat ion,  ve loc i ty  and
f\j 'Vi 'Vi
s t r e s s  d u r in g  th e  t ime inc rem en t  At. Hence e q u a t io n  ( 4 . 1 )  can be w r i t t e n  
in  inc re m en ta l  form as fo l low s
The i n c r e m e n t a l  f o r m  o f  s t r e s s  can be a p p r o x i m a t e d  as
Aa'b D (B Aa - AeWD) ' u  X / b  a .  V P 7 ( 4 . 3 )
in  which Ae^ p i s  t h e  v i s c o p l a s t i c  s t r a i n  inc re m en t  as g iven  in  C hap te r  2.
The numerica l  i n t e g r a t i o n  o f  e q u a t io n  ( 4 . 4 )  i s  c a r r i e d  o u t  by Newmark's 
g e n e r a l i z e d  a c c e l e r a t i o n  method.  This  method uses  two f r e e  p a ra m e te r s  
6 and $ which i n d i c a t e  th e  e f f e c t  o f  a c c e l e r a t i o n  a t  t h e  end o f  a t ime 
i n t e r v a l  on th e  r e l a t i o n  w i th  v e l o c i t y  and d i s p la c e m e n t  in c re m en ts  d u r in g  
th e  i n t e r v a l .  I t  i s  w or thw hi le  n o t i n g  a t  t h i s  s t a g e  t h a t  in  th e  
fo l lo w in g  f o r m u l a t i o n ,  th e  u n c o n d i t i o n a l  s t a b i l i t y  p e r s i s t s  i f  8 >_ ^  and 
th e  c e n t r a l  d i f f e r e n c e  t ime s t e p p i n g  scheme i s  r e g a i n e d  i f  8 = 0 .  An 
a l t e r n a t i v e  d e r i v a t i o n  o f  r e c u r r e n c e  fo rm ulae  based  on f i n i t e  e l em en t  
approx im at ion  can be seen in  th e  t e x t  by Z i e n k i e w i c z ^ . The e x p r e s s i o n s
I f  eq u a t io n  ( 4 .3 )  i s  s u b s t i t u t e d  i n t o  e q u a t io n  ( 4 . 2 ) ,  th e  r e s u l t i n g  
inc rem en ta l  e q u a t io n s  o f  motion can be w r i t t e n  as
in  which
for incremental ve loc ity  and displacement are written as f o l l o w s ^ ,  
M = e At t+Ata + (1-e) i t  l a ( 4 5 )( 4 . 5 )
4 . 4
Making use o f  e q u a t io n  ( 4 . 5 ) ,  Aa, and Aa can be r e p r e s e n t e d  in  te rms 
o f  Aa, ^ a ,  ^a and s u b s t i t u t i n g  Aa, Aa, Aa i n t o  e q u a t io n  ( 4 .4 )  and^  0- 0. 3 'X, 'X, ^ x 7
s i m p l i f y i n g  f i n a l l y  y i e l d s  the  e q u a t io n  in  t h e  fo l l o w i n g  fo rm,
in  which
*  *
Aa = R*
K
M e C 
K + — + —Or 8 At2 B At
t+At R -  M% 'Vi BAt + C'X/
i )  H7 ^ -  F + F tVP
( 4 .6 )
( -  - 1) At t a +
. 2 3  %
Solv ing  e q u a t io n  ( 4 .6 )  f o r  Aa then  th e  a c c e l e r a t i o n ,  v e l o c i t y  and 
d i s p la c e m e n t  a t  t ime s t e p  t + A t  can be o b t a i n e d  from t h e  fo l l o w i n g  
e q u a t io n s
t+At-*
ft =
Aaa.
6 At51 6 At
.  A 
26 + vi
t+At;a *“ *a + BAt t+Ata + ( 1 - e )  At *3 ( 4 . 7 )'X, 'X*
t+Ata — t a +
+ •
At a + BAt2 t+ Ata +% ( 0 . 5 - 6 )  At2 *5
A b r i e f  summary o f  the  i m p l i c i t  t ime s t e p p i n g  scheme i s  g iven  in  Table 
4 . 1 .
4 .3  EXPLICIT TIME STEPPING SCHEME
The o r d i n a r y  d i f f e r e n t i a l  e q u a t io n  ( 3 .3 )  can a l s o  be s o lv e d  u s in g  
the  c e n t r a l  d i f f e r e n c e  t ime s t e p p i n g  a l g o r i t h m  w i t h ^ 9^ ’^
*a = - L  {t_ A ta -  2*a + t+ Ata>
a =
At2 ( 4 . 8 )
{- t - At a + t +At;
S u b s t i t u t i n g  e q u a t io n  ( 4 .8 )  i n t o  e q u a t io n  ( 3 .3 )  l e a d s  to
t+At 0t  , t-At t+At t-Ata -  2 a + a a -  a .
M   --------     + C -------- -------------  + V
. i O 'V n  , ' X jAt2 2At
( 4 . 9 )
in which t+At, t ,  t-At denote three consecutive time intervals  with
time step length At, F = dft and =
' X j  r \ ,
NT f  dS2 + H t a.
' X i  r \ j  'V* * X >
ft
I f  va lues  o f  *a ,  * A^a a r e  known, t h e  va lue  o f  ^+A^a can r e a d i l y  be'Xj 9 'X, J
o b ta in e d  as
t+At a = M + Cry, <Xj £
-1
(At)2 (-V + *R) + 2M \
-  (H -  £  f t ) ( 4 .1 0 )
F u r the rm ore ,  upon i n t r o d u c i n g  the  d iagona l  lumped mass m a t r ix  and th e  
damping m a t r ix  as p r e s e n t e d  in  C hap te r  3 ,  e q u a t io n  (4 .1 0 )  can be r e w r i t t e n ,  
f o r  i ^  term o f  the  ^  v e c t o r ,  as fo l l o w s
t+At
ai =
1
V ci I1
(At)2 ( - t F1+t R1 ) + 2M. %
/ m  At\ t  — At-  (Mr C. T ) #1 ( 4 .1 1 )
The computa t ion  o f  ^+A^a.  i s  s t r a i g h t f o r w a r d  p ro v id e d  t h e  f o r c e s  F.. and
R. can be d e te rm in e d .  In t h e  f i n i t e  e lement  c o n t e x t ,  th e  t o t a l  f o r c e
a t  i i s  th e  summation o f  e lem en t  c o n t r i b u t i o n ,  i . e . ,
m ^ _ mV. = l  t F? ; t R. = I  4R? 
1 e=l 1 1 e=l 1
(4 .1 2 )
where th e  s u p e r s c r i p t  e s t a n d s  f o r  a p a r t i c u l a r  e l em en t  and m d eno tes
J_L
t h e  number o f  e lem en ts  meeting  a t  t h e  i nodal p o i n t .  I t  i s  t h e r e f o r e  
obvious t h a t  i t  i s  u nnece ssa ry  to  assemble t h e  f u l l  v e c t o r  o f  f o r c e s
b e fo re  the  c a l c u l a t i o n  s t a r t s  and t h a t  t h e  com puta t ion  o f t+At a .  can be
c a r r i e d  o u t  node-by-node  ( o r  more e x a c t l y  deg ree  o f  freedom by d e g re e  o f  
f reedom) th e r e b y  avo id ing  l a r g e  s t o r a g e  r e q u i r e m e n t s .
I t  can be observed  t h a t  w i th  t h e  c e n t r a l  d i f f e r e n c e  schem es ,
t h e  c a l c u l a t i o n  o f  ^+Ata in v o lv e s  ^a and ^”A^a .  T h e r e f o r e ,  t o  g e t  t h e
solution of  time t=At, a special s tarting procedure must be used.
Since ° a ,  °a  and °a a r e  known, (n o te  t h a t  w i th  °a  and °a known, ° a  can
be c a l c u l a t e d  u s ing  e q u a t io n  ( 3 .3 )  a t  t ime t  = 0) t h e  r e l a t i o n s  in
eq u a t io n  ( 4 .8 )  can be used to  o b t a i n  ”Ata ,  i . e . ,
“At, a+. o; ... At2 oi* /A -...Xa^ = a.. -  At a.j + — ( 4. 13)
A b r i e f  summary o f  t h e  e x p l i c i t  t ime s t e p p i n g  scheme i s  g iven  in  Tab le  4 . 2 .
I t  i s  no ted  t h a t  the  s t a b i l i t y  o f  t h e  e x p l i c i t  c e n t r a l  d i f f e r e n c e
o f  
( 10 )
t ime s t e p p i n g  schemes i s  c o n d i t i o n a l .  I f  t h e  h i g h e s t  f r e q u e n c y  filctX
t h e  d i s c r e t i z e d  system i s  a v a i l a b l e  t h e  c r i t i c a l  t ime s t e p  i s  g iv e n  as
a t ‘ r i t  i  d b  ( 4 - 1 4 >max
I t  appears  t h a t  the  e s t i m a t e  o f  th e  c r i t i c a l  t ime s t e p  l e n g t h ,  A t ^ ^ . ,
n e c e s s i t a t e s  the  s o l u t i o n  o f  the  e ig e n v a lu e  problem f o r  t h e  whole s y s tem .
However, the  bound on th e  h i g h e s t  e i g e n v a lu e  can be s im ply  o b t a i n e d  by
t h e  c o n s i d e r a t i o n  o f  an i n d i v i d u a l  e l e m e n t .  Th is  i s  e s t a b l i s h e d  by an
im por tan t  t h e o r e m ^  ^  t h a t  the  h i g h e s t  system e i g e n v a lu e  must a lways  be
l e s s  than th e  h i g h e s t  e i g e n v a lu e  o f  t h e  i n d i v i d u a l  e l e m e n t s .  This  p e r m i t s
a very easy  e s t i m a t e  o f  th e  c r i t i c a l  t ime s t e p  l e n g th  which w i l l  e r r  on
th e  s a fe  s i d e .  Based on t h i s  theore m,  the  c r i t i c a l  t ime s t e p  l e n g t h  in
M2 131a p lane  s t r a i n  e l a s t i c  problem i s  g iven  a s v 9 1
where c i s  th e  c u r r e n t  wave s p e e d ,  L i s  t h e  s m a l l e s t  d i s t a n c e  between 
any two a d j a c e n t  nodes and 3 i s  a p a r a m e te r  l e s s  than  u n i t y  and depends 
on the  ty pe  o f  th e  e lem en t  used .  G e n e r a l l y ,  f o r  l i n e a r  e l e m e n t s ,  3 
ranges  from 0 .9  t o  1 . 0 ,  w h i le  f o r  q u a d r a t i c  e l e m e n t s ,  3 ranges  from 0 .2  
t o  0 .6 .  In e q u a t io n  (4 .15 )  E and v a r e  Young's  modulus and P o i s s o n ' s  
r a t i o  o f  the  m a t e r i a l  r e s p e c t i v e l y .  Al though e q u a t io n  (4 .1 5 )  i s  i n t e n d e d  
f o r  e l a s t i c  s i t u a t i o n s ,  e x p e r i e n c e  i n d i c a t e s  t h a t  i t  l e a d s  t o  c o n s e r v a t i v e  
e s t i m a t e s  f o r  At in  n o n l i n e a r  problems.
When an e l a s t o / v i s c o p l a s t i c  m a t e r i a l  model i s  adop ted  th e n  th e  
c r i t i c a l  t ime s t e p  a s s o c i a t e d  with  th e  e v a l u a t i o n  o f  th e  v i s c o p l a s t i c  
s t r a i n  r a t e  may in  c e r t a i n  c i r c u m s ta n c e s  govern  t h e  t ime s t e p  l e n g t h  used 
in  time s t e p p i n g  schemes.  The c r i t i c a l  t ime  s t e p  l e n g th  f o r  t h e  quas i  -  
v i s c o p l a s t i c  a n a l y s i s  has a l r e a d y  been d i s c u s s e d  in  C hap te r  2 ^ * " ^ .
4 .4  COMPARISON OF THE IMPLICIT TIME STEPPING SCHEME AND THE
m u m  t ime s t e p p i n g  scheme
I t  has been no ted  p r e v i o u s l y  t h a t  th e  i m p l i c i t  t ime s t e p p i n g  
scheme i s  u n c o n d i t i o n a l l y  s t a b l e ,  t h e r e f o r e ,  a r e l a t i v e l y  l a r g e  t ime  
s t e p  l e n g th  can be adopted  compared wi th  th e  e x p l i c i t  t ime s t e p p i n g  
scheme. In p r a c t i c a l  a p p l i c a t i o n s ,  t h e  s i z e  o f  t ime s t e p  f o r  t h e  
i m p l i c i t  t ime s t e p p i n g  scheme i s  governed  by th e  c o n s i d e r a t i o n  o f  a c c u ra c y  
r a t h e r  th an  by s t a b i l i t y  and i t  i s  u s u a l l y  taken  as t o  o f  t h e  
l o n g e s t  p e r i o d ^ 5^ .  However, th e  advan tage  o f  l a r g e  s i z e  o f  t ime 
s t e p  l e n g th  f o r  th e  i m p l i c i t  scheme might  be e l i m i n a t e d  due t o  t h e  f a c t  
t h a t  t h i s  scheme in v o lv e s  th e  s o l u t i o n  o f  a s e t  o f  s im u l ta n e o u s  e q u a t i o n s .  
Consequen t ly ,  i t  r e q u i r e s  more com pu ta t iona l  e f f o r t  p e r  t ime  s t e p ,  a l s o  
the  computing t ime and computer  co re  s t o r a g e  i n c r e a s e  in d i r e c t  p r o p o r t i o n
4 . 8
t o  the  bandwidth o f  th e  system.  In an e l a s t o / v i s c o p l a s t i c  model th e  
e f f e c t  o f  m a t e r i a l  n o n l i n e a r i t y  on dynamic t ime s t e p  l e n g t h  i s  n o t  so 
c r u c i a l  as  i t  i s  in an e l a s t o p l a s t i c  model .  In th e  e l a s t o p l a s t i c  
a n a l y s i s ,  th e  dynamic t ime s t e p  i s ,  e s p e c i a l l y  i n  h ig h l y  n o n l i n e a r  m a t e r i a l ,  
o f t e n  l i m i t e d  by m a t e r i a l  p l a s t i c i t y .  I t  w i l l  soon become u n s t a b l e  i f  
t h e  t ime s t e p  i s  too  l a r g e .  However th e  e l a s t o / v i s c o p l a s t i c  model has 
th e  advan tage  o f  a l low ing  a s e p a r a t e  pseudo t ime s t e p  w i t h i n  each dynamic 
t ime s t e p  so t h a t  th e  n o n l i n e a r  i n t e r n a l  r e s i s t i n g  f o r c e s  can be computed 
i t e r a t i v e l y  w i th i n  each dynamic t ime s t e p  w i t h o u t  i n c r e a s i n g  s i g n i f i c a n t l y  
th e  amount o f  computing t im e .  And a l s o ,  t h e  v i s c o p l a s t i c  model has t h e  
advantage o f  a l low ing  s t r e s s e s  t e m p o r a r i l y  o u t s i d e  t h e  y i e l d  s u r f a c e ,  
which i s  more r e a s o n a b l e .  These p e rm i t  us t o  choose f r e e l y  t h e  dynamic 
time s t e p  l e n g th  as f a r  as  th e  numerica l  s t a b i l i t y  in  t h e  q u a s i - s t a t i c  
v i s c o p l a s t i c  computa t ion  i s  s a t i s f i e d  which f o r  Mohr-Coulomb c r i t e r i o n  
with  a s s o c i a t i v e  f low law can be r e c a l l e d  from C hap te r  2 a s  f o l l o w s
< 4 (1 + v ) . .U . -2 v l  C cos* (4>16)
y E ( l -2 v  + S i n 2<|>)
Fur the rm ore ,  the  use o f  e f f i c i e n t  e q u a t io n  s o l v e r s  such as  FRONTAL 
s o l u t i o n  t e c h n i q u e s ^ )  cou ld  save  a c o n s i d e r a b l e  amount o f  computer  
core s t o r a g e  and computa t ion  t im e .  As a r e s u l t ,  t h e  i m p l i c i t  t ime 
s te p p in g  scheme cou ld  be a p rom is ing  t e c h n iq u e  in t h e  n o n l i n e a r  dynamic 
s tu dy .
On th e  o t h e r  hand,  th e  e x p l i c i t  t ime s t e p p i n g  schemes as d e s c r i b e d
p r e v io u s l y  in vo lve  no m a t r ix  f a c t o r i z a t i o n ,  t h e r e f o r e ,  compared w i th  t h e  
i m p l i c i t  t ime s t e p p i n g  scheme l e s s  computer  s t o r a g e  as w ell  as  com puta t ion
e f f o r t  p e r  t ime s t e p  i s  needed and i t  i s  much e a s i e r  t o  program,  b u t  t h i s
scheme i s  r e s t r i c t e d  t o  small  t ime s t e p s  as g iven  in  e q u a t i o n  ( 4 . 1 5 ) .
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I t  can be seen  from e q u a t i o n  ( 4 .1 5 )  t h a t  t h e  l e n g th  o f  t ime  s t e p  in  t h e  
e x p l i c i t  t ime s t e p p i n g  scheme i s  d i r e c t l y  r e l a t e d  t o  t h e  e l em en t  type  
adopted and th e  c o a r s e n e s s  o f  e lement  mesh and i s  in  d i r e c t  p r o p o r t i o n  
to  the  s m a l l e s t  d i s t a n c e  between any a d j a c e n t  nodes o f  t h e  f i n i t e  
element mesh and in i n v e r s e  p r o p o r t i o n  t o  t h e  speed o f  wave p r o p a g a t i o n .  
T h e re fo re ,  t h i s  scheme i s  r a t h e r  i n e f f i c i e n t  in  t h e  q u a d r a t i c  e lem en t  
with very c l o s e  nodes and i r r e g u l a r  f i n i t e  e lem en t  mesh and where wave 
speeds a r e  very  high w h i le  t h e  i m p l i c i t  t ime s t e p p i n g  scheme i s  n o t  
a f f e c t e d  by t h e s e  f a c t o r s .  On th e  o t h e r  hand ,  because  t h e  e x p l i c i t  t ime 
s t e p p in g  scheme r e q u i r e s  no m a t r i x  f a c t o r i z a t i o n ,  i t  can be used t o  s o l v e  
s t a t i c  problems w i th  l a r g e  bandwidths o r  f r o n t w i d t h s  which a r e  beyond 
th e  c a p a b i l i t y  o f  s t a t i c  system s o l v e r s  o r  which i s  anyway more e a s i l y  
so lved  by so c a l l e d  "dynamic r e l a x a t i o n  t e c h n i q u e s "  ( f o r  d e t a i l s  see  
Appendix B). I t  i s  q u i t e  obvious  t h a t  a t r a n s i e n t  dynamic s o l u t i o n  
leads  t o  s t a t i c  s o l u t i o n  i f  c r i t i c a l  damping i s  i n t r o d u c e d  and a s t e a d y  
s t a t e  c o n d i t i o n  i s  r e a c h e d ,  i . e . ,  a = a = 0 .
I t  i s  w or thw hi le  n o t i n g  t h a t  th e  e x p l i c i t  t ime s t e p p i n g  scheme 
i s  in c a p a b le  o f  d e a l i n g  w i th  h igh f r e q u e n c i e s  e s p e c i a l l y  in  th e  low 
f requency  dominated systems w h i le  th e  i m p l i c i t  t ime s t e p p i n g  scheme, w i th  
s u i t a b l e  cho ice  o f  t ime s t e p  l e n g t h ,  i s  a b l e  t o  c u t  o f f  f r e q u e n c i e s  
which a r e  n o t  o f  i n t e r e s t .
In o r d e r  to  show t h e  r e l a t i v e  e f f i c i e n c y  o f  th e  i m p l i c i t  t ime 
s te p p in g  scheme and t h e  e x p l i c i t  t ime s t e p p i n g  scheme in  e l a s t o / v i s c o ­
p l a s t i c  t r a n s i e n t  dynamic s t u d i e s ,  an e a r t h  dam s u b j e c t e d  t o  base  
a c c e l e r a t i o n s  was a n a l y z e d .  The e a r t h  dam w i th  d im ens ions  and m a t e r i a l  
p r o p e r t i e s  shown in F ig u re  4.1 i s  s u b j e c t e d  to  uniform base  a c c e l e r a t i o n s .
4 .1 0
The d i sp la c e m e n t  t ime h i s t o r i e s  o f  th e  dam c r e s t  o b t a i n e d  from bo th  
i m p l i c i t  and e x p l i c i t  schemes a r e  p r e s e n t e d  in  F ig u re  4 . 2 .  For 
compar ison,  th e  t ime  s t e p  l e n g t h s  and com puta t ion  t im es  used  on a 
CDC 7600 computer  a r e  g iven  in  Table 4 . 3 .  I t  can be seen  in  T ab le  4 . 3  
t h a t  th e  i m p l i c i t  scheme i s  more e f f i c i e n t  than  t h e  e x p l i c i t  scheme. 
However, in  t h e  p r e s e n t  s tu d y  th e  e x p l i c i t  scheme i s  adop ted  because  
the  complex m a t e r i a l  law in  n o n l i n e a r  a n a l y s i s  i s  much more e a s i l y  
i n c o rp o r a t e d  in  an e x p l i c i t  scheme.
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TABLE 4 .1  SUMMARY OF THE IM P L IC IT  TIME STEPPING SCHEME
1. Bas ic  Computation
(1) S p e c i fy  the  p a ram e te r s  3,  0 and t ime s t e p  t .
(2) Compute th e  fo l l o w in g  c o n s t a n t s
a-l = j a« = 3 = s a .  — 3 a r  ~ 3 a /- = At
3 At2 3 At 23 3 At 3
(3) S p e c i fy  i n i t i a l  c o n d i t i o n s :  ° a ,  ° a ,  ° a .a- o<
2.  For each t ime s t e p
★
(4) Compute, i f  r e q u i r e d ,  th e  e f f e c t i v e  s t i f f n e s s  m a t r i x  K and form
'b
*
the  e f f e c t i v e  f o r c e  v e c t o r  R. by e q u a t io n  ( 4 . 6 ) .
'Vt
(5) Solve f o r  Aa .^ by FRONTAL s o l u t i o n  t e c h n i q u e .
(6 ) Update s t a t e  o f  mot ion ,  a t  t ime t+ A t ,  by e q u a t i o n  ( 4 . 7 ) .
3. Computing Fyp in  e q u a t io n  ( 4 .6 )  i f  r e q u i r e d
I f  a t  t h e  beg inn ing  o f  a dynamic t ime s t e p ,  s t a t e  o f  s t r e s s  f a l l s
o u t s i d e  th e  y i e l d  s u r f a c e ,  compute eyp , deyp,  and dFyp by u s ing
pseudo- t ime s t e p s  d t y p as f o l l o w s :
(7) Compute eyp by e q u a t io n  ( 2 . 3 9 ) .
(8 ) Determine change in Eyp as A£yp = eyp d t y p , w h i l e  d typ  i s  
th e  pseudo- t im e  s t e p  l e n g th  which must s a t i s f y  t h e  c r i t e r i a  
g iven  by Cormeau as d t y p = ^ 3 ^  —  f o r  Von Mises y i e l d  
c r i t e r i o n .
BT D de, /n dft 
'b 'b  V P(9) Determine inc re m en ta l  f o r c e  dFyp =
★
(10) Solve  the  e q u a t i o n  K da = dFyp
(11) Compute in c re m en ta l  changes in s t r a i n  and s t r e s s .
TABLE 4.1 ( c o n t ' d )
(12) The va lues  a t  t y p  + A t y p  (pseudo t im e)  can be e v a l u a t e d  now
pseudo t ime s t e p p i n g ,  i n s t e a d  i t s  e f f e c t  i s  t a k e n  i n t o  ac c o u n t  by 
adding pseudo load  te rm Fyp in t h e  r i g h t  hand s i d e .
(13) Repeat  s t e p s  7 t o  12 t i l l  s t e a d y  s t a t e  i s  r e a c h e d ,  i . e . ,
Gyp + 0 ,  t h e  va lue  o f  Fyp a t  t h e  end o f  s t e a d y  s t a t e  w i l l  be 
th e  va lue  needed f o r  e q u a t i o n  ( 4 . 6 ) .
4. t  t+At i f  t  <_ t max go to step 2 ,  otherwise stop.
de = BT da
d
t y p  +  A t y p
t y p  +  A t y p
a a%
t y p  +  A t y p
G
'V*
t y p  +  A t y p
F F + dF,VP
t , VPF = 0 a t  typ  = 0 ( a t  th e  b e g inn ing  o f  p seu d o - t im e  s t e p )
Note: d i s p la c e m e n ts  a re  no t  s a t i s f i e d ,  i . e . ,  t+A^a = ^a + da d u r in g
TABLE 4 .2  SUMMARY OF THE E X PLIC IT  TIME STEPPING SCHEME
1. I n i t i a l i z a t i o n
(1) S p e c i fy  i n i t i a l  c o n d i t i o n s  ° a ,  ° a .f\j
(2) S e l e c t  c r i t i c a l  t ime s t e p  l e n g t h .
2.  E v a lu a t io n  o f  d i s p la c e m e n t  a t  node i ,  i . e . ,  •
(3) Form bT V  dn and . .
n
(4) Compute t+Ata.j u s ing  e q u a t io n  ( 4 . 1 1 ) .
I * » J.
3. E v a lu a t io n  o f  a and e^p ( r e q u i r e d  f o r  n e x t  t ime s t e p ) .
(5) Compute th e  s t r a i n s  t+A^e = bT ^+A^a.
(6) Compute t h e  e l a s t i c  s t r a i n s  = *+A*£ ” ^+A^ V P
where t+At£Vp = + devp At and devp i s  given by equation (2 .3 9 )
(7) C a l c u l a t e  th e  s t r e s s  t+Ata u s i n g  e q u a t io n  ( 4 . 3 ) .
4.  t «- t+At i f  t  < t  go to 2 ,  otherwise stop.— max
4.16
TABLE 4 .3  COMPARISON OF IMPLICIT TIME INTEGRATION SCHEME AND 
EXPLICIT TIME INTEGRATION SCHEME
SCHEME Time s t e p  l e n g t h  ( s ) No. o f  t ime  s t e p s Computi ng t ime  ( s )
R a t io  o f  
computing 
t ime
I m p l i c i t
Scheme
T/100 = 0.01 1000 45 1 .7
T/50 = 0 . 0 2 500 26 1 .0
T/25 = 0 . 0 4 250 s p u r io u s
re sp o n se
E x p l i c i t
Scheme
0.0025 4000 104 4 . 0
0 .005 2000 u n s t a b l e
Notes :  1. N a tu ra l  p e r io d  T = 1 .0  second .
2.  Computer t ime i s  based on a CDC 7600.
3. R a t io  o f  computing t ime i s  t h e  computing t ime d i v i d e d  by 
t h a t  o f  T/50.
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CHAPTER F 
LIQUEFACTION
5.1 I n t r o d u c t i o n :
Loose s a t u r a t e d  sand s u b j e c t e d  to  c y c l i c  d e v i a t o r i c  s t r e s s  
w i l l  undergo volume change .  This  volume change in  a d r a in e d  
c o n d i t i o n  produces d e n s i f i c a t i o n  whereas  i n  an und ra ine d  c o n d i t i o n  
i t  induces  an excess  pore p r e s s u r e .  When th e  exce ss  pore p r e s s u r e  
reaches  th e  t o t a l  mean s t r e s s  then  the  sand lo s e s  i t s  s t r e n g t h  
com ple te ly  and behaves l i k e  a f l u i d .  This  i s  u s u a l l y  r e f e r r e d  to  
as l i q u e f a c t i o n .  I f  the  s a t u r a t e d  sand  can p a r t i a l l y  d r a i n  d u r in g  
shak ing t h e r e  w i l l  be s im u l tane ous  g e n e r a t i o n  and d i s s i p a t i o n  o f  
excess  pore p r e s s u r e .  In t h i s  c h a p t e r ,  a c o m p le te ly  u nd ra ined  
c o n d i t i o n  i s  p r e s e n t e d .  A f u l l y  d r a i n e d  c o n d i t i o n ,  as w e l l  as  dry 
sand,  and a p a r t i a l l y  d r a in e d  c o n d i t i o n  w i l l  be s e p a r a t e l y  d i s c u s s e d  
in the  n e x t  two c h a p t e r s .
5 .  2_____ P hys ica l  R e a l i t y  o f  L i q u e f a c t i o n :
Many f a i l u r e s  o f  e a r t h  s t r u c t u r e s ,  s l o p e s  and fo u n d a t io n s  
on s a t u r a t e d  sands have been a t t r i b u t e d  in  t h e  r e l e v a n t  l i t e r a t u r e  
to  the  l i q u e f a c t i o n  o f  the  sand .  L i q u e f a c t i o n  o f t e n  o ccu r s  d u r in g  
o r  a f t e r  e a r t h q u a k e s .  The l i q u e f a c t i o n  o f  s a t u r a t e d  sands  p h y s i c a l l y  
m a n i fe s t s  i t s e l f  in  the  fo l l o w in g  w a y s ^ .
(1 )  The s o i l  l o s e s  i t s  a b i l i t y  to  s u p p o r t  s t r u c t u r e s .  B u i l d in g
s in k  i n t o  the  s o i l .  The most wel l  known example was an
a p a r tm e n t  b u i l d i n g  which t i l t e d  some 80 d eg ree s  from
(2 31the  v e r t i c a l  d u r in g  th e  N i i g a t a  e a r t h q u a k e  o f  1964v *
(2 )  S lopes  and embankments l o s e  t h e i r  s t r e n g t h  and develop  
mud flows o r  s o i l  f low s .  Two examples were the  f a i l u r e
o f  both San Fernando dams d u r in g  the  e a r t h q u a k e  in  1971 W .
(3)  Sand b o i l s ,  sand v o lc a n o s ,  sand  co n es ,  o r  sand f o u n ta i n s  
a p p e a r .  These a r e  e j e c t i o n s  o f  sand and w a te r  from the
s u r f a c e .  The w a te r  can s q u i r t  to  h e i g h t s  o f  s e v e r a l  f e e t .
The s a n d ,  f a l l i n g  back to  e a r t h ,  forms a cone around  the  
p o i n t  o f  e j e c t i o n .  For t h i s  reason  they  a r e  c a l l e d  b o i l s  
o r  v o l c a n o s ^ .
(4 )  P i l e s  and c a i s s o n s  f l o a t  o u t  o f  th e  ground o r  l o s e  l a t e r a l  
s u p p o r t .  E x tens ive  damage t o  the  Alaskan  highway and r a i l r o a d
b r i d g e s  in  the  1964 e a r th q u a k e  was caused  by f a i l u r e  o f  the
abutment p i l e s  in  l i q u e f i e d  s a n d s ^ ^ .
From numerous d e t a i l e d  s t u d i e s  o f  f i e l d  cases  under l i e q u e f a c t i o n  
and from o t h e r  e m p i r i c a l  e v i d e n c e ,  i t  has been conc luded  t h a t  
l i q u e f a c t i o n  occurs  when the  f o l lo w in g  c o n d i t i o n s  a r e  p r e s e n t ^ * ® * ^ .
(1 )  The s o i l  i s  a f i n e  sand .  The g r a in  s i z e ,  D^q , sh o u ld  be
between 0.07"™ and 0 . 4 mm.
(2 )  The s o i l  i s  uniform in  g r a i n  s i z e .  U n i fo rm i ty  c o e f f i c i e n t s  
o f  2 o r  l e s s  a re  common f o r  l i q u e f i e d  s o i l s .
(3)  The s o i l  is l o o s e .  I t  i s  g e n e r a l l y  a c c e p te d  t h a t  s o i l s
d e n s e r  than  70 p e r c e n t  r e l a t i v e  d e n s i t y  a r e  n o t  l i k e l y
to  l i q u e f y .
(4)  There i s  a p p a r e n t l y  a p r e f e r r e d  zone f o r  l i q u e f a c t i o n .  I t  
has been i n d i c a t e d  t h a t  the  e f f e c t i v e  v e r t i c a l  s t r e s s  s h o u ld  
be l e s s  than 2 . 0 ^ cm^ to  l i q u e f y ,  which c o r re s p o n d s  to
a depth o f  l e s s  than 20 m e t r e s .  Most i n s t a n c e s  o f  
l i q u e f a c t i o n  have o c c u r r e d  a t  c o n s i d e r a b l y  s h a l l o w e r  d e p t h s .
5 .3
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5 .3  Undrained Behaviour  under  C y c l ic  Load ing :
Typica l  und ra ined  s a t u r a t e d  sand  t e s t s  show th e  fo l l o w in g  
two p h e n o m e n a ^ 5^  :
(1 )  An i n c r e a s e  o f  pore p r e s s u r e  o c c u r s  w i th  i n c r e a s i n g  number 
o f  c y c l e s ,
(2)  The am p l i tude  o f  s t r a i n  i n c r e a s e s  u n t i l  f a i l u r e  i s  reached  
a t  a l a r g e  number o f  c y c l e s .
Fur thermore  i t  appears  t h a t  i f  f a i l u r e  i s  r e a c h e d  by c y c l i n g  o f  
i f  a f t e r  c y c l i n g  th e  sample i s  t e s t e d  w i t h o u t  d r a in a g e  th e n  i t s  
s t r e n g t h  in  terms o f  e f f e c t i v e  s t r e s s  remains v i r t u a l l y  u n a l t e r e d ,  i . e .  
the  s t r e n g t h  d e c re ase  obse rved  i s  s im ply  r e l a t e d  t o  t h e  pore  p r e s s u r e  
i n c r e a s e .  I t  i s  e v i d e n t  t h a t  the  main e f f e c t  o f  c y c l i n g  i s  to  cause 
th e  pore p r e s s u r e  t o  i n c r e a s e  and t h i s  has to  be c o r r e l a t e d  wi th  
c y c l i n g  i n t e n s i t y .
Indeed i f  d u r in g  c y c l i c  l o a d i n g ,  th e  pore  p r e s s u r e  i n c r e a s e s ,  
the mean e f f e c t i v e  s t r e s s  reduces  to  a value a t  which m a t e r i a l  f a i l u r e  
is  f i r s t  ob se rv ed .  This  p o i n t  can be r e f e r r e d  to  as i n i t i a l  l i q u e f a c t i o n .  
A f u r t h e r  i n c r e a s e  in  the pore p r e s s u r e  reduces  th e  mean e f f e c t i v e  
s t r e s s  to  ze ro  under  which c o n d i t i o n  f i n a l  l i q u e f a c t i o n  occu r s  and the  
s o i l  f lows l i k e  a f l u i d  w i th  ze ro  s h e a r  r e s i s t a n c e .  C l e a r l y  th e  
major phenomenon o c c u r in g  d u r in g  c y c l i n g  i s  th e  compact ion o f  the  
s o i l  s k e l e t o n  which t r a n s f e r s  th e  t o t a l  s t r e s s  to  th e  f l u i d .
5 .  4_____ F a c to r s  A f f e c t i n g  L i q u e f a c t i o n :
From th e  r e s u l t s  o f  s im ple  c y c l i c  t e s t s  o r  t r i a x i a l  t e s t s ,  
the f a c t o r s  a f f e c t i n g  l i q u e f a c t i o n ,  f a c t o r s  which a r e  im p o r t a n t  f o r
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choosing  the  p ro p e r  pa ram e te rs  f o r  numerica l  f o r m u l a t i o n ,  can be 
given as f o l l o w s ^ ^>14).
(1)  The s h e a r  s t r e s s  o r  c y c l i c  d e v i a t o r  s t r e s s  r e q u i r e d  to  
cause  l i q u e f a c t i o n  d e c r e a s e s  w i th  th e  number o f  c y c l e s .  
C onve r se ly ,  the  number o f  c y c l e s  r e q u i r e d  t o  cause 
l i q u e f a c t i o n  d e c re a s e s  when s h e a r  s t r e s s  o r  c y c l i c  
d e v i a t o r  s t r e s s  i n c r e a s e s .
(2)  The s h e a r  s t r e s s  o r  c y c l i c  d e v i a t o r  s t r e s s  and the  number 
o f  c y c l e s  r e q u i r e d  to  cause  l i q u e f a c t i o n  d e c re a s e  as the  
r e l a t i v e  d e n s i t y  d e c r e a s e s .
(3)  For a g iven  r e l a t i v e  d e n s i t y  and number o f  c y c l e s ,  th e  
r e q u i r e d  s h e a r  s t r e s s  o r  d e v i a t o r  s t r e s s  t o  cause 
l i q u e f a c t i o n  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  c o n f i n i n g  
s t r e s s .
(4 )  Peacock and S e e d ^ ^ ^  used a s im ple  s h e a r  d e v i c e  to  
app ly  h o r i z o n t a l  c y c l i c  s h e a r  s t r e s s e s  r a t h e r  than  
v e r t i c a l  c y c l i c  l o a d s .  T h e i r  d a t a  showed o n ly  abou t  
h a l f  as  much s h e a r  s t r e s s  i s  r e q u i r e d  f o r  l i q u e f a c t i o n  
as would be p r e d i c t e d  by th e  t r i a x i a l  t e s t  r e s u l t s .
This  f a c t  can be a t t r i b u t e d  to  th e  r e a r r a n g e m e n t  o f  s o i l  
p a r t i c l e s  which i s  main ly  due to  the  d e v i a t o r i c  s t r a i n  
which i s ,  in  t u r n ,  d i r e c t l y  r e l a t e d  to  the  s h e a r  s t r e s s .
(5)  C a s t r o ^ )  found t h a t  lo o s e  sands  t e n d  to  compress v/hi 1 e 
be ing  s h e a re d  and dense sands  to  d i l a t e .  There s h o u ld  be 
an i n t e r m e d i a t e  d e n s i t y  a t  which c o n s t a n t  volume i s  
m a in ta in ed  dur ing  s h e a r .  Casagrande  p roposed  t h i s  as
the  c r i t i c a l  void r a t i o  and a l s o  i n d i c a t e d  t h a t  i t  
depends on the  e f f e c t i v e  c o n f i n i n g  s t r e s s .  The c r i t i c a l
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void r a t i o  i s  s m a l l e r  f o r  l a r g e r  e f f e c t i v e  c o n f i n i n g  s t r e s s e s .  When 
a s o i l  i s  s a t u r a t e d  and u n d ra in e d ,  d i l a t a t i o n  i s  a s s o c i a t e d  w i th  a 
decrease  in pore p r e s s u r e .  He a l s o  found t h a t  i t  was much more 
d i f f i c u l t  t o  l i q u e f y  s o i l s  i f  t h e i r  p a r t i c l e s  were a n g u l a r  than  i f  
they were rounded.
T h e re fo re  the  main p o i n t s  a f f e c t i n g  l i q u e f a c t i o n  can be 
again summarized as f o l l o w s :
(1 )  The s h e a r  s t r e s s  and s h e a r  s t r a i n ,
(2 )  The c o n f i n i n g  s t r e s s ,
(3)  The r e l a t i v e  d e n s i t y ,
(4 )  The g r a in  s i z e  and u n i f o r m i t y ,
(5 )  The g r a in  shape .
5.5 E v a l u a t i o n  o f  "au togenous"  v o lu m e t r i c  s t r a i n  "e°"
As d e s c r ib e d  in the  p re v io u s  s e c t i o n s ,  the  cause  o f  l i q u e f a c t i o n  
in  s a t u r a t e d  sands i s  main ly  due to  the  b u i l d u p  o f  e x c e ss  pore  p r e s s u r e  
dur ing  c y c l i c  l o a d in g .  T h e r e f o re ,  a f u l l  numerica l  a n a l y s i s  can be 
c a r r i e d  o u t  i f  a means f o r  e v a l u a t i n g  th e  b u i l d u p  o f  e x c e ss  pore  
p r e s s u re  i s  a v a i l a b l e .  The d e s c r i p t i o n  o f  th e  e v a l u a t i o n  o f  excess  
pore p r e s s u r e  has been p r e s e n t e d  in C hap te r  2 ,  the  m a them at ica l  model.
The main p o i n t s  a re  r e c a l l e d  as f o l l o w s :
The s t r a i n  e x p re s s e d  in  i n c re m e n ta l  form, as g iven  by e q u a t i o n  ( 2 . 9 )  
can be r e p r e s e n t e d  as
de = de°  + d e c + m ( 5 . 1 )
~ 3
The change o f  exce ss  pore p r e s s u r e  w i th  r e s p e c t  t o  the  t o t a l
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i nc rem en ta l  v o lu m e t r i c  s t r a i n ,  as  g iven  by e q u a t i o n  ( 2 . 1 1 ) ,  can 
be r e w r i t t e n  as
dp = am^de ( 5 . 2 )
An a l t e r n a t i v e  e x p r e s s i o n  f o r  pore  p r e s s u r e  change ( p r o v id i n g  
no change o f  t o t a l  s t r e s s  o ccu r s  and deC = 0 )  i s  g iven  by e q u a t io n  
( 2 . 2 2 ) ,  i . e . ,
dp = 8de° ( 5 . 3 )
From t h e s e  e x p r e s s i o n s ,  i t  can be seen t h a t  th e  d e t e r m i n a t i o n  
o f  the  "au togenous"  v o lu m e t r i c  s t r a i n  a t  any l o a d in g  s t a g e  i s  
c l e a r l y  th e  c r u c i a l  p o i n t  o f  th e  p r e s e n t  s t u d y .  I t  i s  s u g g e s t e d  t h a t  th e  
autogenous  v o lu m e t r i c  s t r a i n  e J  i s  r e l a t e d  t o  a q u a n t i t y  d e f i n i n g  th e  
t o t a l  s h e a r  s t r a i n  pa th  and the  r e l a t i o n  o f  s h e a r  to  mean s t r e s s .  We 
s h a l l  thus  w r i t e ^ ^
de°  = -  f ( K)dK ( 5 . 4 )
d< = g (e )d£  ( 5 . 5 )
in  which the  n e g a t i v e  s ig n  co r r e s p o n d s  to  th e  volume d e c r e a s e  and
d5 .  4 ^  ( 5 - 5)
and where
m  t
de = de -  i j  dev and d e v = m de ( 5 . 7 )
r e p r e s e n t s  the d e v i a t o r i c  s t r a i n  in c r e m e n t ,  w h i le  0 i s  th e  r a t i o  o f  
th e  a p p l i e d  s h e a r  s t r e s s  to  t h e  i n i t i a l  mean e f f e c t i v e  s t r e s s  i n  
the  s o i l  under  s im ple  s h e a r  t e s t s .  To g e n e r a l i z e ,  t h e  p a r a m e te r  0 
w i l l  be d e f in e d  as
where a '  i s  the  second  e f f e c t i v e  s t r e s s  i n v a r i a n t  and o' ^ i s  th emo
average  e f f e c t i v e  mean s t r e s s  a t  th e  s t a r t  o f  c y c l i n g ,  i . e . ,
a ; 0 = raToo'/3 ( 5 . 9 )
o '  = ( J s  . s ) 2 , s  = o '  -  m o ^ / 3  and = m^o' ( 5 . 1 0 )
and f (< )  i s  a con t inuous  r a o n o to n ica l ly  d e c r e a s i n g  f u n c t i o n  r e f l e c t i n g
the f a c t  t h a t  the  d e n s i f i c a t i o n  in c re m e n t s  d e c r e a s e  as the  compact ion 
o c c u r s .  Because f (< )  i s  a m o n o to n ic a l ly  d e c r e a s i n g  f u n c t i o n  the  
s i m p l e s t  cho ice  f o r  f ( « )  i s  in  the  f o l l o w i n g  form
f ( 0  = T T bk
where A and B a re  c o n s t a n t s  f o r  a g iven  sand  a t  a c e r t a i n  r e l a t i v e
d e n s i t y .  Based on ex p e r im e n ta l  s t u d i e s ,  g(e ) can be r e p r e s e n t e d  as
g ( e )  = e x p ( r e )  ( 5 .1 2 )
in which r  i s  a c o n s t a n t  f o r  th e  g iven  san d .
One s u i t a b l e  e x p r e s s io n  which s a t i s f i e s  t h e  c o n d i t i o n s  t h a t  A
CPapproaches zero  as Dr  approaches  a c e r t a i n  c r i t i c a l  d e n s i t y  Dr  , and
i t  must become n e g a t i v e  when D > D^r  to  r e f l e c t  t h e  f a c t  t h a t  s h e a r  3 r  c
a t  o v e r c r i t i c a l  d e n s i t i e s  causes  an i n c r e a s e  in volume ( c a l l e d  
d i l a t a n c y )  r a t h e r  than  d e n s i f i c a t i o n ,  i s
Dr
A = C(1 - - ^ ) "  ( 5 . 1 3 )
Dr
in which C and n a r e  c o n s t a n t s  f o r  a l l  d e n s i t i e s  o f  a given s a n d ,  and 
n must be an odd number. S u b s t i t u t i n g  e q u a t i o n s  ( 5 . 1 3 ) ,  ( 5 .1 1 )  i n t o
e q u a t io n  ( 5 .4 )  and choos ing  n equa l  t o  u n i t y ,  t h e  f o l l o w i n g  e x p r e s s io n  
i s  o b t a i n e d
Dr
. C(1-- —  )dK n .
de° = - D£r = - M k (5.14)
1+ Bk 1 + Bk
( I t  i s  w or thw hi le  mentioning  t h a t  by p r o p e r l y  choos ing  th e  s ig n  o f  A,
the e x p r e s s i o n  ( 5 .1 4 )  can r e p r e s e n t  d e n s i f i c a t i o n  as  w e l l  as
d i l a t a n c y ) .  In the  case  o f  d e n s i f i c a t i o n ,  t h e  amount o f  v o lu m e t r i c
s t r a i n  i s  l i m i t e d  by the  va lue o f  n e c e s s a r y  t o  a c h i e v e  the  minimum
void r a t i o ,  e .j • One such a l t e r n a t i v e  form i s  g iven  below. In
p lace  o f  e q u a t io n  ( 5 . 1 4 ) ,  de° i s  g iven  as
o c ( | —
dev = - — ^ --------- (5.15)
1 + B<
where e i s  the  c u r r e n t  void  r a t i o .
In th e  s im ple  c y c l i c  s h e a r  t e s t s ,  t h e  main v o lu m e t r i c  s t r a i n  
i s  due t o  a rea r ran g e m en t  o f  g r a i n  c o n f i g u r a t i o n s .  T h e r e f o r e ,  the  
change o f  excess  pore  p r e s s u r e ,  by n e g l e c t i n g  t h e  c o n t r i b u t i o n s  
o f  e l a s t i c  s t r a i n  and c r e e p ,  can be p r e s e n t e d  as
• dp = de° (5.16)
v I + DK
or  i n t e g r a t i n g  y i e l d s
bA
P = 0.4343B 1°9 (1 + Bk ) (5.17)
The way in  which A, B and r  a re  e v a l u a t e d  from t h e  s imple  
c y c l i c  s h e a r  t e s t s  w i l l  now be e x p l a i n e d .  When th e  t e s t  i s  c a r r i e d  o u t ,  
the  v a lues  o f  th e  bu i ld u p  o f  pore w a t e r  p r e s s u r e ,  p ,  and the  
development o f  c y c l i c  s h e a r  s t r a i n s  y a r e  measured.  In th e  s p e c i a l  
case o f  pure  s h e a r  s t r a i n ,  y = 2e-|^ in which y d e n o te s  th e  s h e a r  
s t r a i n  am p l i tude  and d£ d e g e n e r a t e s  t o  ( ^ > " 19)
d£ = ;(de^de)
5 .9
i  -  frla ^P -L Wp WP Y Y 4. Y Y -i 1 -  I  ( 5 . 1 8 )
■  ^ xy xy + yx yx^ / Z ?  "2 + 7  ?  > /Z ‘ 2'
T h e re fo re  in  t h e  case  o f  c y c l i c  pure  s h e a r ,  t h e  va lu e  o f  £ 
a t  th e  end o f  ev e ry  c y c l e ,  a c c o rd in g  t o  e q u a t i o n  ( 5 . 1 8 )  i s
5 =  4 2 = Zy ( 5 . 1 9 )
Hence th e  t o t a l  s t r a i n i n g  pa th  a t  t h e  end o f  e v e r y  c y c l e  can be 
r e a d i l y  o b t a i n e d  by acc um ula t ing  th e  va lues  from e q u a t i o n  ( 5 . 1 9 ) .
The pore p r e s s u r e  i n c r e a s e s  o b t a i n e d  from t h e  t e s t s  a r e  c o n v e r t e d  
to  an e q u i v a l e n t  v o lu m e t r i c  s t r a i n  by t h e  use o f  e q u a t io n  ( 5 . 1 6 ) .
This r e q u i r e s  the  i n t r o d u c t i o n  o f  a t a n g e n t i a l  bu lk  modulus o f  the  
dry  sand and t h i s  va lue  was taken  he re  as
3 = 100 MN/m2 ( 5 . 2 0 )
The i n t r o d u c t i o n  o f  t h i s  p a r a m e te r  i s  n o t  s e r i o u s  as i t  can be
seen from e q u a t io n  ( 5 .1 6 )  t h a t  eA can be c o n s i d e r e d  as a s i n g l e  c o n s t a n t .
There fo re  w i th  d i f f e r e n t  va lues  o f  3 , s im ply  change th e  value
o f  A. A f t e r  pore p r e s s u r e  i s  c o n v e r t e d  t o  an e q u i v a l e n t  v o lu m e t r i c  s t r a i n
the  graph o f  a g a i n s t  the  l e n g t h  o f  t h e  s t r a i n  pa th  £ f o r  each  va lue  o f  e
can be p l o t t e d .  I t  i s  observed  t h a t  d«,  e v a l u a t e d  u s in g  e q u a t i o n  ( 5 . 5 )
i s  c o n s t a n t  f o r  a g iven  v o lu m e t r i c  s t r a i n ,  r e g a r d l e s s  o f  th e  va lue  o f  e .
I t  has been found t h a t  the  va lues  o f  r  remain n e a r l y  c o n s t a n t  f o r  a l l  
va lues o f  0 . Thus an average  i s  ad o p te d .
Having o b ta in e d  r ,  th e  n e x t  s t e p  i s  to  a s c e r t a i n  th e  va lues  
o f  A and B. The v o lu m e t r i c  s t r a i n  e °  i s  p l o t t e d  a g a i n s t  k ,  f o r  a l l  
r e s u l t s  o b t a i n e d .  Then the  most s u i t a b l e  s t r a i g h t  l i n e  i s  drawn 
through th e  p o i n t s .  Two p o i n t s  on t h i s  l i n e  a r e  sampled then 
s u b s t i t u t e d  i n t o  e q u a t io n  ( 5 .1 7 )
5 .1 0
to  give v a lues  o f  A and B. A b e t t e r  i n t e r p r e t a t i o n  o f  the  t e s t
r e s u l t s  may be o b t a i n e d  by d i v i d i n g  th e  measurements i n t o  two p a r t s :
those  o b t a i n e d  b e fo re  i n i t i a l  l i q u e f a c t i o n  ( i . e . ,  where t h e  e x c e s s
pore p r e s s u r e  has reached  a va lue  o f  abou t  60 p e r c e n t  o f  th e  i n i t i a l
e f f e c t i v e  p r e s s u r e )  and those  o b t a i n e d  a f t e r  i n i t i a l  l i q u e f a c t i o n .
A s t r a i g h t  l i n e  i s  then  drawn th rough  each  s e t  o f  r e s u l t s .  Hence
values o f  A and B a re  e v a l u a t e d  f o r  both  s e t s  o f  r e s u l t s .  The
proposed e m p i r i c a l  approach i s  based  on d a t a  s u p p l i e d  f o r  a sand
t e s t e d  by the  Norwegian G eo tec h n ica l  I n s t i t u t e  ( N G I ) ^ ^ ^ .  The t e s t s
were performed on a dense sand .  The samples were c o n s o l i d a t e d  to
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a v e r t i c a l  p r e s s u r e ,  a'  , o f  20N/cm under  c o n d i t i o n s  o f  no l a t e r a l
s t r a i n .  Then a symmetr ica l  two way c y c l i c  h o r i z o n t a l  s h e a r
s t r e s s  a m p l i t u d e ,  Th , c y ,  was a p p l i e d .  (Note  t h a t  6 = - r —^ ) .  The
0 vc
r e s u l t s  a r e  g iven as co n to u rs  o f  pore p r e s s u r e  b u i l d u p  and c y c l i c  
s h e a r  s t r a i n  as shown in  F igu re  ( 5 . 1 )  and F ig u re  ( 5 . 2 ) .  The 
p rocedures  o u t l i n e d  above were employed t o  e s t i m a t e  va lu e s  o f  r ,  A and 
B. As i l l u s t r a t e d  in  F igu res  ( 5 . 3  & 5 . 4 ) .  A va lue  o f  17 .2  was 
o b ta in e d  f o r  r> w h i le  value  o f  A = 0 .012  and B = 55 .5  were o b t a i n e d  
from the  d a ta  produced b e fo re  i n i t i a l  l i q u e f a c t i o n ,  and v a lu e s  o f  
A = 0.0005 and B = 0 . 5 1  were o b t a i n e d  from t h e  d a t a  produced  a f t e r  
i n i t i a l  l i q u e f a c t i o n .
The va lues  o f  r ,  A and B may be used in  e q u a t i o n  ( 5 . 1 7 )  to  
give  a s im p l e ,  compact and a c c u r a t e  r e p r e s e n t a t i o n  o f  the  c y c l i c  s h e a r  
t e s t  r e s u l t s ,  and may be used in  e q u a t io n  ( 5 . 1 4 )  f o r  the  numerica l  
model in  o r d e r  to  compute th e  au togenous  v o lu m e t r i c  s t r a i n .
5.6 Examples :
In o r d e r  to  i l l u s t r a t e  th e  a p p l i c a t i o n  o f  t h e  method o f  
a n a l y s i s  d e s c r i b e d  in p rev io u s  s e c t i o n s ,  a s a t u r a t e d  sand l a y e r
5.11
subjec ted to a s inusoida l  a c c e l e r a t i o n  as well  as N-S component 
of  El Centro Earthquake o f  May, 1940 sca l ed  to O. lg i s  given.  This 
example i s  e s s e n t i a l l y  one dimensional  but  i t  i s  solved here by the
(21 22 2 1general  procedure to obta in  comparison with o t h e r  publ i shed m a t e r i a l v 5 5
A 50 foot  l aye r  o f  sand with the water  t a b l e  a t  5 f e e t  below
the ground sur face  i s  shown in Figure 5.5.  This l a y e r  i s  sub jec ted
to a s inuso i da l  a cc e l e r a t i o n  wi th a f requency of  2 cycles  per  second
2
and with a maximum a c c e l e r a t i o n  of  0.805 f t / s e c  a t  the base of  the 
s t ratum.  The a c c e l e r a t i o n  time h i s t o r y  and di splacement  time 
h i s t o r y  o f  the sur face  o f  the l ay er  and the s hear  s t r e s s  time 
h i s t o r y  a t  po in t  X are presented in Figures 5 . 6 ,  5.7 and 5 .8  
r e sp e c t i v e l y .  The r i s e  o f  excess pore water  p r es s ure  and normalized 
excess pore water  pressure  with depth a t  var ious  times are presented  
in Figures 5.9 and 5.10 r e s p e c t i v e l y .  The b u i l d  up o f  excess 
pore water  pressure  with r espec t  to time a t  the c r i t i c a l  l aye r  i s  
shown in Figure 5.11.  I t  can be seen t h a t  f or  the method which 
does not take in to  account  the autogenous volumetr ic  s t r a i n ,  the 
motion in any l aye r  quickly  s t a b i l i z e d  to a s inus oi da l  response 
a t  2 c y c l e s / s e c .  However the su r face  a c c e l e r a t i o n s  determined 
by the method which allow for  the autogenous volumetr ic  s t r a i n  
show a d i f f e r e n t  response h i s t o r y .  The responses  are qu i t e  comparable 
with those o f  the method which take no account  of  autogenous 
volumetric s t r a i n  up to 1 sec.  This is  a t t r i b u t a b l e  to the fac t  
t h a t  in the e a r l y  s tages  o f  the shaking the excess  pore water  
pressures  has not developed to the p o i n t  where i t  has a s i g n i f i c a n t  
e f f e c t  on the dynamic response c h a r a c t e r i s t i c s .  Af t e r  about  1 sec.  
the a c c e l e r a t i o n s  determined by the method which take i n t o  account  o f  
autogenous volumetr ic  s t r a i n  s t e a d i l y  decrease and reach zero a f t e r
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f i n a l  l i q u e f a c t i o n .
I t  i s  wor thw hi le  n o t i n g  t h a t  th e  r a t e  o f  b u i l d  up o f  
excess  pore w a te r  p r e s s u r e  in  the  p o s t - i n i t i a l  l i q u e f a c t i o n  range  
i s  f a s t e r  than t h a t  o f  th e  p r e - i n i t i a l  l i q u e f a c t i o n  range as shown 
in F igure  5 .1 1 .  This  t r e n d  i s  very  s i m i l a r  t o  t h a t  o c c u r r i n g  in  
s imple  c y c l i c  s h e a r  t e s t s  as  can be seen  in  F igu re  5 . 4 .  The 
response o f  the  same s o i l  l a y e r  s u b j e c t e d  to  th e  N-S component 
o f  the  El Centro e a r th q u a k e  s c a l e d  t o  a maximum a c c e l e r a t i o n  o f
O.lg  has been s t u d i e d  and th e  r e s u l t s  a r e  p r e s e n t e d  in  F ig u re s  5 .12  
to  5 .1 7 .  F ig u re s  5 . 1 2 ,  5 .1 3  and 5 .14  show r e s p e c t i v e l y  t h e  
a c c e l e r a t i o n  t ime h i s t o r y  and d i s p l a c e m e n t  t ime h i s t o r y  o f  the  
s u r f a c e  o f  the  l a y e r  and the  s h e a r  s t r e s s  t ime h i s t o r y  a t  p o i n t  x.
The r i s e  o f  exce ss  pore  w a te r  p r e s s u r e  and th e  no rm a l ize d  exce ss  
pore w a te r  p r e s s u r e  wi th  dep th  a t  v a r io u s  t im es  a r e  r e p r e s e n t e d  
in  F igu res  5 .15  and 5 .16 r e s p e c t i v e l y .  The b u i l d  up o f  exce ss  
pore w a te r  p r e s s u r e  w i th  r e s p e c t  to  t ime a t  th e  c r i t i c a l  l a y e r  
i s  shown in  F igure  5 .1 7 .  I t  can be seen t h a t  t h e  p roposed  method 
p r e d i c t s  r e sponses  which a r e ,  q u a l i t a t i v e l y ,  s i m i l a r  to  r e s u l t s  
o b t a in e d  from s i t e  o b s e r v a t i o n  o f  N i i g a t a  e a r t h q u a k e  in  Japan  in 
1964^2 4 ) .
I t  i s  o f  i n t e r e s t  to  mention t h a t  i f  t h e  imposed f requency  
o f  the  a p p l i e d  f o r c e  i s  equal  t o  o r  c l o s e  to  th e  n a t u r a l  f req u en cy  
o f  a body,  a b e a t  w i l l  t a k e  p l a c e .  In th e  p r e s e n t  example ,  by chance ,  
the  n a t u r a l  f requency  o f  th e  s o i l  column i s  2 c y c l e s / s e c  which i s  
e x a c t l y  the  same as the  e x c i t a t i o n  f o r c e .  T h e r e f o r e ,  in  f r e e  
v i b r a t i o n ,  b e a t i n g  occurs  as can be seen  in  F ig u re s  5 .18  to  5 .2 0 .  
However, in  p r a c t i c a l  p rob lem s ,  t h i s  phenomenon r a r e l y  o c c u r s .  B e a t in g  
can be e l i m i n a t e d  by imposing a l i t t l e  damping t o  th e  system.  The 
r e s u l t s  w i th  51 o f  c r i t i c a l  damping a r e  a l s o  shown in  the  f i g u r e s .
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CHAPTER 6 
DENSIFICATION OF SAND
6 .  1_____I n t r o d u c t i o n :
In th e  p r e v io u s  c h a p t e r ,  a s a t u r a t e d  sand  undergo ing  c y c l i c  
d e v i a t o r i c  s t r e s s  w i th  undra ined  c o n d i t i o n s  was p r e s e n t e d .  I t  was 
no ted  t h a t  the  comple te range  o f  d e n s i f i c a t i o n  was n o t  covered  by 
th e  e x p r e s s i o n  f o r  the  au togenous  v o lu m e t r i c  s t r a i n .  However the  
e x p r e s s io n  d id  show th e  o n s e t  o f  dens i  f i c a t i o n , and a l s o ,  th e  e x p r e s s i o n  
d id  ag ree  w i th  the  physi cal>; phenomenon o f  the  l i q u e f a c t i o n  o f  a 
s a t u r a t e d  s a n d ,  i . e . ,  l i q u e f a c t i o n  cou ld  o c c u r  w i t h i n  a small  
range o f  dens i  f i c a t i o n .  In t h i s  c h a p t e r ,  the  densi  f i  c a t i o n  o f  dry 
sand o r  s a t u r a t e d  sand  under d r a in e d  c o n d i t i o n s  i s  g iven .  I t  w i l l  be 
seen t h a t  the  same e x p r e s s i o n  can be e x tended  t o  c o v e r  th e  whole 
range o f  d e n s i f i c a t i o n  o f  dry sand .
6 .  2_____F a c t o r s  govern ing  th e  D e n s i f i c a t i o n  o f  Dry Sand:
As p o in t e d  o u t  p r e v i o u s l y ,  s h e a r  s t r a i n  i s  the  p r im ary  f a c t o r
caus ing  th e  compaction o f  g r a n u l a r  m a t e r i a l s .  Exper im en ta l  e v i d e n c e ^
shows t h a t  on ly  a small  amount o f  i r r e v e r s i b l e  v o lu m e t r i c  com press ion ,  
o r  d e n s i f i c a t i o n ,  o ccu r s  du r ing  the  f i r s t  few c y c l e s  o f  h y d r o s t a t i c  
s t r e s s i n g  o f  cub ic  sand  samples in  a s o i l  t e s t  box. A f t e r  t h i s  
i n i t i a l  permanent  dens i  f i  c a t i o n  o f  th e  sample ,  d e fo rm a t io n s  d u r in g  
a d d i t i o n a l  c y c l e s  o f  h y d r o s t a t i c  s t r e s s i n g  were found t o  be n o n l i n e a r  
bu t  c o m p le te ly  e l a s t i c .  Thus r e p e a t e d  c y c l e s  o f  v o l u m e t r i c  s t r a i n  
a c t i n g  a lo n e  have an e s s e n t i a l l y  i n s i g n i f i c a n t  i n f l u e n c e  on
(2  31densi f i c a t i o n .  On the  o t h e r  hand,  the  e x p e r im e n ta l  ev id e n c e  v 9 ' 
i n d i c a t e s  t h a t  the  amount o f  v e r t i c a l  s t r a i n ,  o r  d e n s i f i c a t i o n ,  
occuri r ig  in a g iven number o f  c y c l e s  i n c r e a s e s  wi th  th e  s h e a r  s t r a i n
a m pl i tude  and the  i n i t i a l  void r a t i o .  Th is  can be a t t r i b u t e d  to  th e  
f a c t  t h a t  t h e  dens i  f i c a t i o n  o r  compact ion o f  th e  lo o se  sand  under 
c y c l i c  s h e a r i n g  i s  produced  a lm o s t  e x c l u s i v e l y  by i n t e r p a r t i c l e  
s l i p s  t h a t  r e s u l t  i n  a r ea r r a n g e m e n t  o f  g r a i n  c o n f i g u r a t i o n .  The 
r ea r r a n g e m e n t  o f  g r a i n  c o n f i g u r a t i o n  i s  p r i m a r i l y  dominated  by 
s h e a r  s t r a i n  as w el l  as void  r a t i o .  T h e r e f o r e ,  th e  p r o g r e s s i v e  
d e n s i f i c a t i o n  o r  an au togenous  v o lu m e t r i c  s t r a i n  must be a f u n c t i o n  
o f  s h e a r  s t r a i n  and void  r a t i o .
6 . 3  D e n s i f i c a t i o n  o f  Sand:
I t  a p p e a r s  t h a t  th e  d e n s i f i c a t i o n  o f  sand can be r e p r e s e n t e d  
e i t h e r  by v o lu m e t r i c  s t r a i n  o r  by vo id  r a t i o .  T h e r e f o r e ,  two 
s e p a r a t e  e x p r e s s i o n s  a re  p r e s e n t e d  in  t h i s  s e c t i o n .
6 .3 .1  D e n s i f i c a t i o n  in  Terms o f  V o lum e tr ic  S t r a i n :
R eca l l  e q u a t i o n  ( 5 .1 4 )  as f o l l o w s :
. o Ad*
v = ‘  TfEi< ( 6 . 1 )
in  which d < = g ( e )d£ as d e f in e d  p r e v i o u s l y  and A and B a r e  c o n s t a n t s
to  be e v a l u a t e d  from ex p e r im e n ta l  s t u d i e s .  Although e q u a t i o n  ( 6 .1 )
was d e r iv e d  from th e  s tu d y  o f  l i q u e f a c t i o n ,  i t  i s  e q u a l l y  a p p l i c a b l e
to  the  dens i  f i c a t i o n  o f  s and .  This  can be v e r i f i e d  from th e  p u b l i s h e d
(41t e s t  d a ta  by S i l v e r  and Seedv ' .
Based on S i l v e r  and S e e d ' s  s t u d i e s ,  t h e  v o lu m e t r i c  s t r a i n s  
versus  the  number o f  c y c l e s  o f  s h e a r  s t r a i n  f o r  a sand w i th  60% o f  
r e l a t i v e  d e n s i t y  under  v a r io u s  v e r t i c a l  s t r e s s e s  have been p r e s e n t e d  
and r ep roduced  in  F igu re  6 . 1 .  From t h e s e  t e s t  d a t a  th e  c o n s t a n t s  A and B 
and g(e )  i n  e q u a t i o n  ( 6 . 1 )  can be e v a l u a t e d .  However due t o  l a ck  o f
6.3
i n f o r m a t io n  abou t  the  p a ra m e te r  0 , i . e . ,  the  r a t i o  o f  a p p l i e d  
s h e a r  s t r e s s  to  i n i t i a l  v e r t i c a l  s t r e s s ,  g ( 0 ) = 1  i s  assumed in  
the p r e s e n t  s t u d y .  A t y p i c a l  r e s u l t  t o  show th e  v a l i d i t y  o f  
e q u a t io n  ( 6 . 1 )  i s  p r e s e n t e d  in  F igu re  ( 6 . 2 ) ,  which co r r e s p o n d s  
t o  th e  curve  f o r  a 1 = 500 l b / f t ^ ,  and y  = 0.041% in  F ig u re  6 . 1 .
S i m i l a r  p l o t s  were o b t a i n e d  f o r  y  = 0.016%, 0.088% and 0.63% with  
o'  = 500 l b / f t 2 and a l s o  f o r  = 2000 l b / f t 2 and cr'v = 4000 l b / f t 2 
w i th  v a r io u s  v a lues  o f  s h e a r  s t r a i n s  as shown in  F ig u r e s  6 . 3 ,  6 . 4  
and 6 .5  r e s p e c t i v e l y .  I t  i s  c e r t a i n  t h a t  shou ld  th e  i n f o r m a t i o n  
about  the  pa ram ete r©  be a v a i l a b l e ,  a g e n e ra l  e x p r e s s i o n  to  cove r  the  
whole range  o f  t e s t  d a t a  p r e s e n t e d  by S i l v e r  and Seed cou ld  be d e r i v e d .
6 . 3 . 2  Densi f i c a t i o n  in Terms o f  Void R a t i o :
I t  can be n o te d  t h a t  e q u a t i o n  ( 6 . 1 )  can be w r i t t e n  in  the  
fo l l o w in g  form, which was a l s o  p r e s e n t e d  in e q u a t io n  ( 5 . 1 5 ) ,
A °  A ( f s  -d e v = - _ l e m  ( 6<2)
1 + Bk
For a dry  sand  o r  s a t u r a t e d  sand in  d r a i n e d  c o n d i t i o n s ,  t h i s  au togenous  
v o lu m e t r i c  s t r a i n  w i l l  produce a r e d u c t i o n  in  volume which can be 
r e p r e s e n t e d  by t h e  void r a t i o  change ,  i . e . ,
< m T T T 0 <6 - 3>
in which e Q i s  the  i n i t i a l  vo id  r a t i o  o f  th e  s and .  S u b s t i t u t i n g  e q u a t i o n  
( 6 . 3 )  i n t o  e q u a t i o n  ( 6 . 2 )  and i n t e g r a t i n g ,  f i n a l l y  t h e  fo l l o w in g  
e x p r e s s i o n  i s  o b t a i n e d
1
e -  e + m ( e o"e m ^ " n + C In H  + Bk )
1-n ( 6 . 4 )
6.4
in  which C i s  a c o n s t a n t  depending on c o n s t a n t s  e Q, e m, A, B and n.  
T h e r e f o r e ,  th e  void  r a t i o  o f  sand  a t  any t ime can be e v a l u a t e d  from 
i t s  i n i t i a l  and minimum void r a t i o s  and k p ro v id e d  t h a t  c o n s t a n t s  
B,C and n have been o b ta in e d  a p r i o r i  from e x p e r i m e n t a l  s t u d i e s .
I t  i s  o f  i n t e r e s t  to  no te  t h a t  e q u a t i o n  ( 6 . 4 )  has th e  same 
form as th e  e x p r e s s i o n  p roposed  by N asse r  e t  a l ^ .  T h e i r  e x p r e s s i o n
i s  q uo te d  as  f o l l o w s :
e = e m + m ( V e j 1 ' "  + ^ y0 1+3
1 ^ 4 - ( 6 . 5 )
i n  which v,  Band n a r e  t h r e e  c o n s t a n t s  to  be de te rm ined  from th e  
e x p e r im e n ta l  s t u d i e s ,  y q i s  t h e  am p l i t u d e  o f  s h e a r  s t r a i n  in  
r e p e a t e d  s im ple  s h e a r  t e s t s  and N i s  th e  number o f  r e p e a t e d  l o a d i n g s .
6 .4  Comparison o f  Equa t ion  ( 6 . 4 )  w i th  E xper im en ta l  R e s u l t s :
In a s e r i e s  o f  ex p e r im en t s  r e p o r t e d  by Y o u d ^ ,  s t a n d a r d  
g r a d a t i o n  Ottawa sands  were d e n s i f i e d  in  a Norwegian G eo tec hn ica l  
I n s t i t u t e  type  s im ple  s h e a r  a p p a r a t u s  under  r e p e a t e d  c y c l e s  o f  
s h e a r  s t r a i n s .  In F igu re  6 .5  t h e  s o l i d  cu rves  r e p r e s e n t e d  Youd's  
r e s u l t s ,  where the  i n i t i a l  vo id  e Q i s  r e p o r t e d  to  be w i t h i n  the  
range 0 .5 4 3  to  0 . 5 4 8 ,  and th e  minimum void r a t i o  t o  be abou t  0 .4 1 2 .
To e v a l u a t e  the  t h e o r e t i c a l  r e s u l t ,  i n  e q u a t i o n  ( 6 . 4 ) ,  e Q = 0 .5 4 5 ,  
e m = 0-412 and g (e )  = 1 have been ad o p te d .  Based on e x p e r im e n ta l  
da ta  i n  F igu re  6 . 5 ,  the  fo l l o w in g  e x p r e s s i o n  has been d e r i v e d  from 
e q u a t io n  ( 6 . 4 )
-1
e = 0.412 + f 7 . 52  + 4 .52 In (1 + 2.23k) (6 .6 )
6.5
/
The d o t t e d  l i n e s  i n  F igu re  6 .5  a r e  graphs  o f  t h i s  e q u a t i o n  f o r  
the  i n d i c a t e d  va lues  o f y .  Also shown in  F ig u re  6 .5  a r e  r e s u l t s  
o b t a in e d  by N asse r  e t  a l .  I t  can be seen  t h a t  o v e r  th e  range 
o f  0.1% to  8% s t r a i n  e m p l i t u d e s ,  and f o r  1 t o  100 c y c l e s ,  th e  
p r e s e n t  t h e o r e t i c a l  r e s u l t s  a r e  r e a s o n a b l y  c o n s i s t e n t  w i th  the  
e x p e r i m e n t s ,  a l th o u g h  a r a t h e r  crude  e s t i m a t e  o f  k has been made.
A more a c c u r a t e  t h e o r e t i c a l  e s t i m a t e  o f  e based  on e q u a t i o n  ( 6 . 4 )  
shou ld  be o b t a i n a b l e  i f  the  i n f o r m a t io n  f o r  e v a l u a t i n g  g(0 ) i s  
avai T ab le .
6 .5  Discus s i  o n s :
I t  has been obse rved  t h a t  s h e a r  s t r a i n  i s  th e  p r im ary  
f a c t o r  c a u s in g  compaction o f  g r a n u l a r  m a t e r i a l .  This  s h e a r  s t r a i n  
can be g e n e r a l i z e d  as the  second  d e v i a t o r i c  s t r a i n  i n v a r i a n t .  
T h e r e f o r e ,  th e  b a s i c  f o r m u l a t io n  p r e s e n t e d  h e r e  i s  a r e a l i s t i c  
ma thematica l  model f o r  the  d e n s i f i c a t i o n  o f  sand  s u b j e c t e d  t o  c y c l i c  
d e v i a t o r i c  s t r e s s .  The p r e s e n t  f o r m u l a t i o n  can be a p p l i e d  f o r  
a r b i t r a r y  s t r a i n  h i s t o r i e s ,  f o r  genera l  s t a t e s  o f  s t r e s s  and s t r a i n .
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CHAPTER 7
PARTIALLY DRAINED ANALYSIS OF TRANSIENT PROBLEMS IN POROUS
7.1 INTRODUCTION
In C hap te r  5 ,  i t  has been no ted  t h a t  a s a t u r a t e d  g r a n u l a r  
m a t e r i a l  s u b j e c t e d  t o  c y c l i c  lo a d in g  w i l l  show an i n c r e a s e  in  pore 
p r e s s u r e  i f  d r a in a g e  i s  p r e v e n t e d .  I f  p e r m e a b i l i t y  o f  t h e  s o i l  i s  
r e l a t i v e l y  h igh o r  motion i s  s low ,  t h e r e  w i l l  be s im u l ta n e o u s  d i s s i p a t i o n  
o f  exce ss  pore  p r e s s u r e .  I f  pore p r e s s u r e  g e n e r a t e d  in a s o i l  mass 
i s  t o  some e x t e n t  d i s s i p a t e d ,  th en  l i q u e f a c t i o n  may be a v e r t e d ,  however 
in  some c a s e s ,  th e  d i s s i p a t i o n  o f  t h e  pore  p r e s s u r e  g e n e r a t e d  deep 
w i t h i n  a s o i l  mass may l e ad  to  upward seepage  and consequen t  l i q u e f a c t i o n  
o f  th e  s u r f a c e  l a y e r s .  Th is  h i g h l i g h t s  t h e  im por tance  o f  t a k i n g  t h e  
d i s s i p a t i o n  o f  exce ss  pore p r e s s u r e  i n t o  c o n s i d e r a t i o n .
In t h i s  c h a p t e r  a method o f  a n a l y s i s  o f  th e  e q u a t io n s  govern ing  
pore p r e s s u r e  g e n e r a t i o n  and d i s s i p a t i o n ,  based  on th e  f i n i t e  e lem en t  
method i s ’ deve loped  and i l l u s t r a t e d  by a p p l i c a t i o n  t o  a v a r i e t y  o f  
prob lems.
7.2 BASIC FORMULATION OF DYNAMICS OF TWO PHASE MATERIAL
The e q u a t i o n s  o f  motion f o r  s a t u r a t e d  e l a s t i c  porous  media were 
f i r s t  g iven  by B i o t ^ ~ ^ .  The in d e p e n d e n t  v a r i a b l e s  o f  th e  problem in  
B i o t ' s  f i e l d  e q u a t i o n s  a r e :  th e  d i s p l a c e m e n t  o f  th e  s o l i d  and th e
d i s p la c e m e n t  o f  th e  f l u i d  w i th  r e s p e c t  t o  th e  s o l i d .  These f i e l d  
e q u a t io n s  have been used by Ghaboussi  and W i l s o n ^  ^  t o  s y s t e m a t i c a l l y  
develop a v a r i a t i o n a l  f o r m u l a t io n  to  s o lv e  t h e  l i n e a r  problem.
The a p p l i c a t i o n  o f  f i n i t e  e lem en t  s p a t i a l  d i s c r e t i z a t i o n  y i e l d s  a 
s e t  o f  o r d i n a r y  d i f f e r e n t i a l  m a t r i x  e q u a t i o n s  o f  mot ion .  The 
in de penden t  d i s p l a c e m e n t s  o f  th e  s o l i d s  and th e  d i s p l a c e m e n t s  o f  t h e  
f l u i d  w i th  r e s p e c t  t o  t h e  s o l i d  a r e  d eg ree s  o f  freedom a t  each node.
As mentioned  e a r l i e r ,  t h e  B i o t ' s  f o r m u l a t i o n  i s  based  on a l i n e a r  
e l a s t i c  t h e o r y .  In p r a c t i c a l  p rob lem s ,  t h e  c o n s t i t u t i v e  laws o f  t h e  
s o i l  r a r e l y  f o l l o w  l i n e a r  p a t t e r n s .  T h e r e f o r e ,  i t  i s  im p e r a t i v e  to  
s tu d y  th e  dynamics o f  n o n l i n e a r  porous  media and t o  ex tend  B i o t ' s  
f o r m u l a t io n  t o  n o n l i n e a r  c a s e s .
Any porous  media such as s o i l ,  r o c k ,  c o n c r e t e  o r  s i n t e r e d  metal  
s a t u r a t e d  w i th  f l u i d  can be t r e a t e d  as two phase m a t e r i a l ,  i . e . ,  t h e  
s o l i d  s k e l e t o n  and th e  f l u i d  phase .  T h e r e f o r e ,  t h e  b a s i c  f o r m u l a t io n  
f o r  both  phases  a r e  s e p a r a t e l y  p r e s e n t e d  as f o l l o w s :
The s o l i d  s k e l e t o n : The b a s i c  f o r m u l a t i o n  o f  t h e  s o l i d  s k e l e t o n  has
a l r e a d y  been d i s c u s s e d  in  Chap te r  2. However, f o r  c o m p le te n e s s ,  i t  i s  
b r i e f l y  summarized in  th e  fo l lo w in g  ( t e n s i o n  i s  s t i l l  t aken  as  p o s i t i v e ) .
The t o t a l  s t r e s s  i s  d iv i d e d  i n t o  two p a r t s ,  i . e . ,  t h e  e f f e c t i v e  
s t r e s s ,  a '  and th e  pore p r e s s u r e  p. Thus
o' + m p ^  ^  r ( 7 .1 )
The s t r a i n  i s  d e f in e d  as
e'Xj L u ( 7 . 2 )
i n  w h i c h
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The s t r e s s  and th e  s t r a i n  a r e  r e l a t e d  by t h e  c o n s t i t u t i v e  m a t r i x  DT
'V. *
in  i n c re m e n ta l  form as
d a '  = Dt (de -  d e° ) ( 7 .3 )
The e q u i l i b r i u m  e q u a t io n  w i l l  now d i f f e r  from th e  one in  which no 
r e l a t i v e  mot ion  o f  f l u i d  on s o l i d  o c c u r s .  We now have f o r  t h e  t o t a l  
energy
L a + p b  = p u + p ^ w^  K 'V/ K 'V f ( 7 .4 )
in  which b = th e  body f o r c e  i n t e n s i t y ,  {b . bw, b l  ^  x y z
p , p f  = mass d e n s i t i e s  o f  bu lk  o f  f l u i d - s o l i d  and f l u i d  
r e s p e c t i v e l y .
w = f l u i d  d i s p la c e m e n t  r e l a t i v e  t o  s o l i d  m u l t i p l i e d  by'V,
p o r o s i t y ,  n, i . e . ,  averaged  o v e r  t o t a l  a r e a ,
{v v vT-
The f l u i d  p h a s e : The e q u i l i b r i u m  e q u a t i o n  o f  th e  f l u i d  phase can be
r e p r e s e n t e d  as
7 A
1 .. , - I  •vp + p ,  b = p -  u + pf  -  w + k w
'b  T ' X /  T 'b  T T l ' X f  0 ( 0 .
( 7 . 5 )
in  which k i s  a m a t r ix  o f  c o e f f i c i e n t s  o f  p e r m e a b i l i t y  g iven  in  p r e s s u r e  
t e rm s .  In t h e  t h r e e  d im ens iona l  c a s e ,  i f  t h e  o r i e n t a t i o n  o f  c o o r d i n a t e s  
i s  in t h e  d i r e c t i o n  o f  t h e  p r i n c i p a l  axes o f  th e  m a t e r i a l ,  k can be 
e x p re s s e d  as
0
'b
1
I
1
I T 0
1 .
0
0
1
IT
In f u t u r e  work we s h a l l  t a k e  k”  ^ t o  be a s c a l a r  q u a n t i t y  = p  The 
p e r m e a b i l i t y  o f  s o i l  w i l l ,  in  g e n e r a l ,  be a q u a n t i t y  s t r o n g l y  dependen t  
on the  t o t a l  v o lu m e t r i c  s t r a i n  re a c h e d .  However, in  t h e  p r e s e n t  
i n v e s t i g a t i o n ,  i t  i s  assumed c o n s t a n t  th r o u g h o u t  t h e  a n a l y s i s .  F i n a l l y ,  
t h e  g r a d i e n t  o p e r a t o r  i s  d e f in e d  as
v = {—  —  —I  Xax* a y ’ a z '
and th e  c o n t i n u i t y  c o n d i t i o n  can be r e p r e s e n t e d  as
Sv
T • • n+ V W = p^  <\j ( 7 .6 )
where = n J  e
= bulk  modulus o f  f l u i d .
Equa t ions  ( 7 .1 )  t o  ( 7 .6 )  a s s o c i a t e d  w i th  t h e  p r o p e r  boundary c o n d i t i o n s  
and i n i t i a l  c o n d i t i o n s  c o m p le te ly  d e f i n e  t h e  dynamics o f  n o n l i n e a r  porous 
medi a .
I f  u and w in  e q u a t io n s  ( 7 .1 )  to  ( 7 .6 )  a r e  chosen as unknowns, 
then p can be e l i m i n a t e d  by i n t e g r a t i n g  e q u a t i o n  ( 7 .6 )  w i th  r e s p e c t
t o  t i m e ,  u s ing  e q u a t i o n  ( 7 . 2 ) ,  we have
Kf t j
p -  —  (m L u  + v w)
n 'X; 'Xj 'X; 'Xj rxj/ (a)
Upon s u b s t i t u t i n g  e q u a t io n  ( a ) i n t o  e q u a t i o n  ( 7 . 1 )  we can w r i t e
Kf j  7
a = a '  + m —  (m L u  + v w)'v 'Xj 'Xj 'Xj (b)
Upon s u b s t i t u t i n g  e q u a t io n  ( 7 .2 )  i n t o  e q u a t io n  ( 7 . 3 )  . the r e s u l t i n g  
e q u a t io n  can be w r i t t e n  as
d a '  = Dt  (L du -  de ° )»X>I 'Xj fXj 7 J
Upon e l i m i n a t i n g  p from e q u a t io n  ( a ) and e q u a t i o n  ( 7 .5 )  and the n  by 
s i m p l i f y i n g  we can w r i t e  
K,"f T T pf  •• 1—  v (m L u  + v w) + b = u + —  w + t-  w^  fXj' f ' v  f  ^  n ' V '  k ^1 'X,
( d )
The weak form o f  e q u a t i o n  ( 7 . 4 )  u s in g  u = N u ,  w = N , w g ive s
B a d H'I. 'V Nl t  d r  +^U 'Xj N p b  dfi  = Mn u + w'X/U 'Xj %U 'Xj 'V-U 'Xj ( 7 . 7 )
M = nt
'vU ^U
M = *f nt
'X/UW 'XjU
fi
in which
I NT p ,  N dfi (Min. i s  p r o p o r t i o n a l  t o  i f  N = N ) 
 J X/U f  MV '^UW r r  MJ 'X/W MJ7
Upon s u b s t i t u t i n g  e q u a t io n  ( b ) i n t o  ( c ) we can w r i t e  
ia = Dt (L du'X/l V/X> 'Xj
S i m i l a r l y ,  t h e  weak form o f  e q u a t io n  ( d ) g iv e s
n  t  -  T
d  -  de ) + —  mm B du + —  m v N dw ( 7 .8 )A _ A I ' A . A. ' J) ^  'b 'V* *\t J] ^  ^  ^
i n  w h i c h ^!wu N1’ p ,  N dr< = MT .o-W f  'VU ^UW
'V/W
fi
j  P f
N —  Nlf dfi n ^w
N.T, I  N,, d!2^w k 'vw
In t h e  l i n e a r  c a s e ,  e q u a t io n  ( 7 .8 )  can be i n t e g r a t e d  and f i n a l l y ,  th e  
fo l l o w in g  e q u a t i o n  can be o b t a in e d
where E = %
K =Of
'XyU Mo-UW
M1 M^uw %w
«
T Kf x
B —  m V N dfi*\/ n ^  'X' 'X'W
Kf j
N —  V1 N dfi 
mv n 'X'W'Xy
(7 .1 0 )
K ='Xy
T TB1 (D + —  m m1) B dn'Xj 'Xj f| 'Xy 'Xj ' Kj
f  = NT t  d r  + NT  P b dfi +
'Xy %U 'Xy 'XyU 'Xy
r  fi f
f  = nJ, p  r- b dfi
' X j
4
'X-W K f  'X/
J
G G d£  dfi
Equation (7 .1 0 )  i s  i d e n t i c a l  t o  t h a t  p r e s e n t e d  by Ghaboussi  and Wilson ( 6 )
When t h e  seepage  v e l o c i t y  r e l a t i v e  to  t h e  s o i l  s k e l e t o n  i s  small  
compared w i th  i t s  motion o r  i f  t h e  p e r m e a b i l i t y  i s  low, th e  r e l a t i v e  
a c c e l e r a t i o n  o f  th e  f l u i d  w i th  r e s p e c t  t o  s o l i d  can be assumed t o  be
n e g l i g i b l e .  With t h i s  a p p r o x im a t i o n ,  t h e  unknown w can be r e p l a c e d  by
7 . 7
p ,  th u s  t h e  d eg ree s  o f  freedom reduce  from 6 (u , u , u , w , w , w )x y  z x y  z
t o  4 (u , u , u , p ) .  T h e r e f o re  a c h ea p e r  and s im p l e r  f o r m u l a t io n  x y  z
can be a c h i e v e d .  This  s i m p l i f i c a t i o n  was f i r s t  su g g e s te d  by 
Z i e n k i e w i c z ^ . The d e t a i l  o f  th e  d e r i v a t i o n  i s  g iven  in  t h e  fo l lo w in g ,
By n e g l e c t i n g  th e  te rm ,  e q u a t io n  ( 7 . 5 )  can be r e w r i t t e n  as
«  = J U p  + fc a f  fe '  fc p f  ii
S u b s t i t u t i n g  e q u a t io n s  ( e ) ,  ( 7 .2 )  i n t o  ( 7 .6 )  and s i m p l i f y i n g  l e a d s  t o  
mT L u + vT k vp + vT k pf  b -  vT k pf  ii -  p —  = 0 ( f )'V/ 'X/ 'V  'V 'V T 'V/ r  T\
By n e g l e c t i n g  th e  w te rm e q u a t i o n s  ( 7 . 1 ) ,  ( 7 . 3 )  and ( 7 .4 )  can be 
w r i t t e n  as f o l l o w s
JJ = + IB P (g)
d o 1 = Dt (de -  de° )
< \ j /v l  ' 'Xi 'X j  '
a + p b = p uK 'v r  'xj K ^
(h)
( i )
Using u = N  u , p = N  p and in view o f  e q u a t i o n  ( g ) ,  t h e  weak form o f  /v ^U ^  ^P
e q u a t io n  ( i )  can be p r e s e n t e d  as
B o'  dfi + ^  % B ^ m N  df i p  + Mu  + f  = 0f\j >\j <\j f\, r\j
fi fi
d o 1 = Dt (L du -  de° )
( j )
(k)
The weak form o f  ( f )  g iv e s
T T -N m B dfi u
'V p 'Xj 'Xj ^
V N k V N d fi p
'X/ ^ p  'Xj 'Xj ^ p
NT -S- N d£2 p^P ^p £
NT vT k  P r  Nm dfi u + f  = 0'V-p 'i; % T 'i-U ^  ^ W
7 . 8
i n  w h i c h f  = -
f  =
N, p  b dfi - MJ ^ t d r^U
fi
nI  vT k p -  b dfi +
% p  'X j ^  f  f \ ,
Nl q dr
where q i s  th e  o u t f l o w  a c r o s s  t h e  boundary r .  T h e r e f o r e ,  t h e  g e n e ra l  
e q u a t io n s  can be r e w r i t t e n  as
in  which
B a ' d f i  + Q p  + M u  + f  = 0
d a '  = Dt (B du i  de°)
'Xj^f 'w ^  'v a. '
• J  • ••
H p  + T p - Q  u + M u - f  = 0
' X j  ' X j  ' X j  ' X ,  'X j
fi
B m N ds]j^ 'X* 'vp
N, P N„ d n  
%U MJ
(7 .1 1 a )
(7 .1 1 b )
( 7 .1 1 c )
J3 = (v N ) k !  N da''Xj 'Vp7 'X/ 0» %p
Nl 5 -  N d£2'xp ^p
Equa t ions  ( 7 . 1 1 . a , b , c )  can be r e g a rd e d  as a s e t  o f  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s  and so lv e d  u s ing  t ime s t e p p i n g  p ro c e d u re .
The sequence  a t  any t ime s t e p  can be summarized as f o l l o w s ,  ( t h e  d e t a i l s  
o f  th e  computer  program im p lem en ta t io n  a r e  p r e s e n t e d  in  Appendix D).
(1) S t a r t  w i th  ^u ,  t_A^u,  and ^p.'V 'X,
(2) Using e q u a t io n  ( 7 . 1 1 . a)  e v a l u a t e  ^+A^u as d e s c r i b e d  in  
C hap te r  4 and hence and
/ . y
(3)
(4)
Using e q u a t io n  ( 7 . 1 1 . c )  o b t a i n  t+ A tp w i th  known va lu e s
£ t+At« . t+At- of  u and u.'x, a.
Update t  t o  t+At and i f  t  £  t max go t o  s t e p  ( 1 ) ,  
o th e rw i s e  s t o p .
I t  i s  o f  i n t e r e s t  t o  examine s t e p  (3) in  some more d e t a i l .  
Equat ion  (7 .1 1 c )  may be n u m e r i c a l l y  i n t e g r a t e d  o ver  th e  t ime i n t e r v a l  t ,  
t+At as f o l l o w s ,
o r
e<t+AV  + (1-e) ^p} At + T %
t+At- t -
E '  E
A t+At£  = R'Xj *X/
- f  At = 0
(7 .1 2 )
in  which A = e At H + T
' X i  Oj r X i
T -  (1 - e ) At H
O . v 1 'X,
aT tr .f  = ,
' X /  ' X i  ' X i
t -
'X,
C) u -  M ^  + f'X/
and the superscripts t ,  t+At indicate the values o f  a variable at
t ime t ,  t+At r e s p e c t i v e l y .  D i f f e r e n t  v a l u e s  o f  e co r re s p o n d  t o  d i f f e r e r :
a p p r o x im a t i o n s ;  i f  e >_0.5 the  i n t e g r a t i o n  p rocedu re  i s  always s t a b l e  
When e = l ,  t h e  backward d i f f e r e n c e  scheme i s  adop ted  in  th e  p r e s e n t  
s tu d y .  With th e  above a l g o r i t h m ,  t h e  dynamic program a long  w i th  a 
FRONTAL s o l u t i o n  t e c h n i q u e ^  ^  can be used t o  e s t i m a t e  th e  ex ce s s  pore 
p r e s s u r e  a t  each t ime s t e p .
( 10 )
I t  i s  o f  i n t e r e s t  t o  no te  t h a t  f o r  th e  c o n v e n t io n a l  (T e rz a g h i )  
c o n s o l i d a t i o n  p r o b l e m ^ " ^ ,  ( i . e . ,  w = u = 0 w i th  a known t o t a l  
s t r e s s ,  a )  t h e  seepage e q u a t io n  can be shown t o  be
-  v 1 k v p + ( p -  + mT m) p = m1 e° + m1 d V  o ( 7 .1 3 )a, ' Kp  ' v ,\ / l ' x / r  ' X/ ' x ,  a, I ' x ,  '  ‘
.T . - 1
c-
r
7 . 1 0
Again a f i n i t e  e lem en t  d i s c r e t i z a t i o n  o f  t h e  above e q u a t io n  can be 
performed by u s in g  th e  s t a n d a r d  p ro ced u re  and i n c o r p o r a t i n g  any 
p r e s c r i b e d  f low boundary  c o n d i t i o n s  as d e s c r i b e d  in  th e  t e x t  by 
Z i e n k i e w i c z ^ ) . The d i s c r e t i z a t i o n  l e a d s  to
in  which
H =
T =
f  *a.
(v Nn )T k (v N ) dft'  <vp1 v ^ p 7
nT (-5- +  mT d: 1 I f . )  N dn'vp ^  VI 'vp
N7 (mT e°  + mT DZ1 a) dna.p 'V % 'xJ a.7
Equa tion (7 .1 4 )  i s  o f  e x a c t l y  t h e  same form as e q u a t io n  ( 7 . 1 1 . c )  and 
hence t h e  com pu ta t iona l  a l g o r i t h m  p r e s e n t e d  e a r l i e r  can be a p p l i e d  
h e r e .  I f  a = 0 ,  i . e . ,  no change o f  t o t a l  s t r e s s ,  e q u a t io n  ( 7 .1 4 )'X,
gives  th e  change o f  e x ce ss  pore p r e s s u r e  due t o  nJ e° a lo n e  in  which 
m^ 1°  i s . e q u i v a l e n t  t o  the  autogenous  v o lu m e t r i c  s t r a i n  as g iven  in 
Chapter  5.
7. 3 EXAMPLES
In t h i s  s e c t i o n  two examples a r e  p r e s e n t e d  which i l l u s t r a t e  
the  a p p l i c a t i o n  o f  t h e  method o f  a n a l y s i s  d e s c r i b e d  in  p r e v io u s  s e c t i o n s
Example 1 A s a t u r a t e d  h a l f  space  s u b j e c t e d  to  a harmonic l o a d in g  on 
the s u r f a c e .
This  example i s  to  i n v e s t i g a t e  th e  e f f e c t  o f  dynamic te rms  on 
seepage f o r m u l a t i o n .  T h e r e f o r e ,  on ly  t h e  s tu d y  o f  a n a l y t i c  l i n e a r  
e l a s t i c  s t e a d y  s t a t e  s o l u t i o n  i s  c a r r i e d  o u t .  Owing to  the  n a t u r e  o f  
the  problem,  th e  s a t u r a t e d  h a l f  space  s u b j e c t e d  t o  a harmonic l o a d in g
7.11
on th e  s u r f a c e  can be t r e a t e d  as a one d im ens iona l  s a t u r a t e d  s o i l  
column w i th  th e  a p p r o p r i a t e  m a t e r i a l  p r o p e r t i e s .
For  t h e  one d im ens ional  p rob lem,  e q u a t i o n  ( 7 . 1 0 )  can be 
r e w r i t t e n  as
/ n J. ^ f \  32 u ’' f  32W 32 u -l 32W(  D +  — ) --------- +  =  p    +  p  - ---------
n  3 Z 2  n  3 Z 2  3 t 2  f  3 t 2
3 2 U  , 3 2 W *  3 2 U  j .  P f  3 2 W  ^  1  M  „ + --------------- = p - -------+  + ( 7 . 1 5 1
n  3 Z 2  n  3 Z 2  f  3 t 2  n  3 t 2  Y  3 t
in  which D deno tes  th e  e l a s t i c  p r o p e r t y  o f  t h e  s o l i d  s k e l e t o n  and can be 
ex p re s s e d  as
( l + v )  ( 1 - 2 v )
in  which E, v a r e  Young's  modulus and P o i s s o n ' s  r a t i o  o f  th e  m a t e r i a l  
r e s p e c t i v e l y .
The s u r f a c e  harmonic l o a d i n g ,  f ,  can be r e p r e s e n t e d  as
f  = f 0 e1!2t ( 7 .1 7 )
where f  and n a re  r e s p e c t i v e l y  th e  am p l i tude  and th e  f r eq u en cy  o f  the
a p p l i e d  lo a d .  S ince  on ly  th e  s t e a d y  s t a t e  s o l u t i o n  i s  i n t e r e s t e d ,  th e
s te a d y  s t a t e  re s p o n s es  can be r e p r e s e n t e d  by th e  fo l l o w i n g  e x p r e s s i o n s
, , . x i f i t  -  i f t tu = (uD + i u T) e = u ei\ 1
w = (w^ + i Wj) e 1fit = w e^ fit (7 .1 8 )
in  which u^ ,  Uj and w^, Wj a re  r e s p e c t i v e l y  th e  r e a l  p a r t s  and th e
imaginary  p a r t s  o f  th e  d i s p la c e m e n ts  u and w.
7 . 1 2
S u b s t i t u t i n g  e q u a t i o n  (7 .1 8 )  i n t o  e q u a t io n  ( 7 . 1 5 ) ,  in  view 
o f  the  fo l l o w i n g  p a r a m e t e r s ,
Kf/n 
k  =  -------------------------
D + Kf /n
3 = p f / p
v = / u+Kf /ri
c ^  p
z = z/L ( 7 .1 9 )
where L i s  th e  h e i g h t  o f  th e  s o i l  column, then  n o n d im ens ion iz ing  th e  
r e s u l t s  g ive
V  d2‘u V  K d2S
= - ft2 U - 3 ft2 W
L2 dz2 L2 dz
d_u + V ^ d f w  = .  8 .  l f l 2  -  + i i l -
L2 dz2 L2 dz2 n kp
o r
d2u d2w ft2 L2 -  ft2 L2 -——  + k ——  = -    u -  3 -w
dz2 d i 2 V 2 V 2c c
K d ^ u + d^w = .  B -  + J f i J L i  s  (7 -20)
d z 2 d z 2 Vc 2 n Vc 2 kp Vc2
By d e f i n i n g  th e  fo l l o w in g  nondimensional  p a ram e te r s
kp Vc 2
TU = ---------
1 n L2
TT?  -  ------------
L V 2
ft2_L2 
c
( 7 . 2 1 )
7 . 1 3
e q u a t io n  (7 .2 0 )  can be f u r t h e r  r e p r e s e n t e d  as
d 2 u , d 2w -
  +  K----- —  = " 7T0 U - 3 TTo W
d i 2 d z 2
K df u + K dfw = .  e _ 5 . 1 l r ^ + l _ 5  (7 .2 2 )
d i 2  d i 2 2  n  2  tt1
Now, t h e  system becomes a s e t  o f  s im u l ta n e o u s  second o r d e r  o r d i n a r y  
l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  which can r e a d i l y  be s o lv e d  by u s ing  a 
computer  f o r  t h e  fo l l o w i n g  boundary c o n d i t i o n s
a i = 0  = fo
p i = 0  = 0
ui=1 = 0 ( 7 .2 3 )
dP
dz
= 0
z=l
Equation (7 .2 2 )  g iv e s  r e s p e c t i v e l y  th e  fo l l o w i n g  two s e t s  o f  e q u a t i o n s  
when w and when both u and w a re  n e g l e c t e d ,  i . e . ,
d2u , d2w -  + K -- = “ tt0 u
dz2 d i 2 L
k — -  + k — — = -  3^0 u + —  w (7 .24 )
d i 2 d i 2 2 *1
and d2u , d2w n
— —  + k —3— = u
dz dz
d2u , d2w i -  / -7 or \
k -----  + <---------  = —  w (7 .2b )
d i 2 d i 2 " l
S i m i l a r l y ,  e q u a t i o n s  (7 .2 4 )  and ( 7 .2 5 )  a s s o c i a t e d  wi th  th e  
boundary c o n d i t i o n s  as d e f in e d  by e q u a t io n  ( 7 .2 3 )  can e a s i l y  be s o lv ed  
wi th  the  a id  o f  computer .
7 . 1 4
I t  i s  w or thw h i le  m en t ion ing  t h a t  e q u a t i o n s  (7 .2 4 )  and (7 .25 )
can a l s o  be e x p r e s s e d  and s o lv ed  in  te rms o f  unknowns u and p and
i d e n t i c a l  r e s u l t s  can be o b t a i n e d .
I t  i s  o f  i n t e r e s t  t o  i n v e s t i g a t e  th e  r e s p o n s e s  f o r  v a r io u s  
va lues  o f  t h e  p a ram e te r s  r e p r e s e n t e d  in  e q u a t i o n s  (7 .1 9 )  and ( 7 . 2 1 ) .  
However i t  can be no ted  t h a t  th e  p a ram e te r s  in  e q u a t io n  (7 .1 9 )  a r e  
n e a r l y  c o n s t a n t .  T h e r e f o r e ,  in  th e  f o l l o w in g  p a r a m e t r i c  s t u d i e s ,  t h e s e  
pa ram ete rs  a r e  f i x e d  as f o l low s
< -  0 .9 7 3 ;  3 = 0 .3 3 3 ;  n = 0 .333  ( 7 .2 6 )
The a p p l i e d  lo a d  f Q i s  n o n d im en s io n a l i s ed  as f Q/ ( K ^ / n ) and i t s  value  i s  
chosen as 8 .333x10”^ .
The r e s u l t s  o f  com puta t ion  wi th  d i f f e r e n t  v a lu e s  o f  tt-j and ^
c o n ta in  th e  a b s o l u t e  v a lu e s  o f  and th e  arguments o f  u,  w, p and a.
But on ly  th e  a b s o l u t e  v a lu e s  o f  u ,  w and p a r e  shown in  F ig u re s  7 . 1 ,
7.2 and 7 .3  r e s p e c t i v e l y .  The summary o f  t h e  p a r a m e t r i c  s t u d i e s  i s  
p r e s e n t e d  in Table 7.1 from which th e  r a n g e s ,  where in  th e  w o r  u and 
w terms in  t h e  f o r m u l a t io n  can be n e g l e c t e d ,  a r e  r e a d i l y  seen .
From th e  r e s u l t s  o f  t h i s  s t u d y ,  i t  can be conc luded  t h a t  u n le s s  
the  f requency  o f  e x c i t i n g  f o r c e  i s  very  h ig h ,  50 c y c l e s / s e c .  o r  above ,  
and the  c o e f f i c i e n t  o f  p e r m e a b i l i t y  i s  e q u i v a l e n t  t o  t h a t  o f  s and ,  
the  Z i e n k i e w i c z 1s s i m p l i f i e d  f o r m u l a t io n  g iv e s  a r e a s o n a b l e  a p p ro x im a t io n .  
The re fo re  t h i s  s i m p l i f i e d  fo r m u l a t io n  i s  adop ted  in th e  p r e s e n t  s t u d y .
Example 2 A s a t u r a t e d  sand l a y e r  s u b j e c t e d  t o  N-S component o f  El 
Centro e a r t h q u a k e  o f  May 1940 s c a l e d  to  O . l g .
7 . 1 5
A 50 f o o t  l a y e r  o f  sand w i th  w a te r  t a b l e  a t  5 f e e t  below t h e  
ground s u r f a c e  i s  shown in  F igu re  7 . 4 .  This  l a y e r  i s  s u b j e c t e d  t o  the  
NS component o f  t h e  El Cent ro  e a r th q u a k e  s c a l e d  t o  a maximum a c c e l e r a t i o n  
o f  O . lg .  The r e s u l t s  a r e  p r e s e n t e d  in  F ig u re s  7 .5  t o  7 . 9 .  F ig u re s  7 . 5 ,  
7.6 and 7 .7  show r e s p e c t i v e l y  t h e  a c c e l e r a t i o n  t ime h i s t o r y  and 
d i sp la cem e n t  t ime h i s t o r y  o f  the  s u r f a c e  o f  t h e  l a y e r  and th e  s h e a r  
s t r e s s  t ime h i s t o r y  a t  p o i n t  x.  The r i s e  o f  exce ss  pore w a t e r  p r e s s u r e  
a t  v a r io u s  t im es  a re  r e p r e s e n t e d  in  F igu re  7 . 8 .  The b u i l d  up o f  exce ss  
pore w a te r  p r e s s u r e  w i th  r e s p e c t  t o  t ime a t  p o i n t  Xj i s  shown in  F igu re  7 .9 .  
The e f f e c t  o f  seepage on r e s p o n s es  can e a s i l y  be seen  from th e  p r e s e n t  
s tu d y .
7 .1 6
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CHAPTER 8
NONLINEAR RESPONSE OF EARTH DAMS IN EARTHQUAKES
8.1 INTRODUCTION
In o r d e r  t o  i l l u s t r a t e  th e  p ro ces s  o f  dynamic a n a l y s i s  o f  
embankment dams, t h e  s tu d y  o f  a t y p i c a l  embankment dam c o n s t r u c t e d  
on a rock fo u n d a t i o n  shown in  F ig u re  8.1 s u b j e c t e d  t o  t h e  r eco rded  
e a r th q u ak e  o f  El C e n t ro ,  May 1940, has been c a r r i e d  o u t .  The r e s u l t s  
a r e  p r e s e n t e d  g r a p h i c a l l y  and th e  s a f e t y  o f  t h e  dam undergoing  the  
passage o f  t h e  e a r t h q u a k e  can t h e r e f o r e  r e a d i l y  be a s s e s s e d .  However, 
be fo re  t h e  p r e s e n t a t i o n  o f  th e  r e s u l t s ,  a b r i e f  d e s c r i p t i o n  o f  the  
p rocedures  needed t o  c a r r y  o u t  t h e  dynamic a n a l y s i s  o f  an embankment i s  
reviewed.
8 .2  THE DYNAMIC ANALYSIS OF EMBANKMENT DAMS
The m ajo r  s t e p s  in t h e  n o n l i n e a r  dynamic a n a l y s i s  o f  embankment
dams s u b j e c t e d  to  an e a r th q u a k e  can be summarised as f o l l o w s :
1. Determine t h e  p r o p e r  a n a l y t i c a l  model and d a t a  such as
r e s e r v o i r  l e v e l s ,  dam s e c t i o n s  and f i n i t e  e lem en t  meshes f o r  
a n a l y s i s .
2. Determine th e  c h a r a c t e r i s t i c s  o f  th e  ground motions developed  
in  th e  rock under  t h e  dam, i f  any ,  o r  i t s  s o i l  fo u n d a t i o n  
d u r in g  th e  e a r t h q u a k e .
3. Determine th e  i n i t i a l  s t r e s s e s  in  t h e  dam b e fo re  t h e  e a r th q u a k e .
4. Determine  th e  dynamic p r o p e r t i e s  o f  th e  c o n s t i t u e n t  m a t e r i a l
o f  th e  dam.
5. E v a lu a te  th e  re sponse  o f  th e  dam to  th e  base  rock 
e x c i t a t i o n .  The r e s u l t s  o f  a f i n i t e  e lem en t  a n a l y s i s  
g iv e  t h e  d i s p l a c e m e n t  a t  each nodal p o i n t  and s t r e s s e s  
a t  each Gauss i n t e g r a t i o n  p o i n t .
6.  P r e s e n t a t i o n  and i n t e r p r e t a t i o n  o f  t h e  r e s u l t s .
I tems (1) t o  (5)  have a l r e a d y  been d i s c u s s e d  in th e  p re v io u s  c h a p t e r s .  
T h e r e f o re ,  t h i s  c h a p t e r  c o n c e n t r a t e s  on th e  p r e s e n t a t i o n  and i n t e r ­
p r e t a t i o n  o f  th e  r e s u l t s .
8 .3  EFFECTS OF THE VERTICAL COMPONENT OF AN EARTHQUAKE ON 
THE DAM RESPONSE
I t  has been p o in t e d  o u t  by S e e d ^  and w ide ly  a c c e p te d  in 
(2  31p r a c t i c e '  * '  t h a t  t h e  e f f e c t s  o f  v e r t i c a l  motions  induced  by th e  
ea r th q u a k e  may be n e g l e c t e d  f o r  th e  fo l l o w in g  r ea sons
1. t h e  s h e a r  s t r e s s e s  in  a dam caused  by v e r t i c a l  motions a re
much l e s s  than  th o s e  due t o  h o r i z o n t a l  m o t ions .
2. e x t e n s i v e  l a b o r a t o r y  t e s t s  have shown t h a t  th e  tendency  f o r
volume changes and a s s o c i a t e d  pore p r e s s u r e  development 
caused  by v e r t i c a l  v i b r a t i o n s  i s  small  in  compar ison w i th  
t h o s e  r e s u l t i n g  from s h e a r  d e fo rm a t io n .
3. such pore p r e s s u r e s  as may be i n t r o d u c e d  by v e r t i c a l  motions  
i n  t h e  absence  o f  s h e a r  s t r e s s e s  w i l l  be n e u t r a l  p r e s s u r e s  
and th e r e b y  w i l l  have no i n f l u e n c e  on th e  s h e a r  r e s i s t a n c e  o f  
t h e  s o i 1.
A cco rd in g ly ,  i t  seems r e a s o n a b l e  t o  conclude  t h a t  both  th e  s h e a r  s t r e s s e s  
and the  s h e a r  s t r e n g t h  a re  p r i m a r i l y  de te rm ined  by th e  h o r i z o n t a l  
shak ing  induced  by an e a r t h q u a k e .  However, in  o r d e r  to  s tu d y  t h i s
8 . 3
c o n c l u s i o n ,  th e  dam, shown in  F igu re  8 . 1 ,  s u b j e c t e d  t o  h o r i z o n t a l  
component a lo n e  and s u b j e c t e d  t o  both  h o r i z o n t a l  component and 
v e r t i c a l  component o f  El Cent ro  e a r th q u a k e  has been a n a l y s e d .  The 
r e s u l t s  a r e  p r e s e n t e d  in  F ig u re s  8 .2  ( a , b , c , d ) .  I t  can be no ted  
from F ig u r e s  8 .2  ( a , b , c , d )  t h a t  th e  c o n c l u s i o n  made by Seed i s  
q u i t e  r e a s o n a b l e .
8 .4 .  UNDRAINED SEISMIC ANALYSIS OF AN EARTH DAM
I t  i s  o f  i n t e r e s t  to  i n v e s t i g a t e ,  a t  f i r s t ,  t h e  undra ined  
b e h a v io u r  o f  an e a r t h  dam d u r in g  th e  passage  o f  an e a r t h q u a k e .  F igu re
8 . 3  p r e s e n t s  the  h o r i z o n t a l  d i s p l a c e m e n t  t ime h i s t o r i e s  a t  th e  dam 
c r e s t .  F ig u re  8 . 4  shows t h e  s h e a r  s t r e s s  t ime h i s t o r i e s  a t  Gauss 
p o i n t  x. F igure  8 .5  shows c o n to u r s  o f  th e  b u i l d  up o f  exce ss  pore 
p r e s s u r e  a t  2 - second  i n t e r v a l s  from th e  s t a r t  o f  mot ion .  The 
no rm al ized  v e r t i c a l  e f f e c t i v e  s t r e s s  and exce ss  pore w a te r  
p r e s s u r e  a t  v a r io u s  h e i g h t s  a long  th e  a x i s  o f  dam a r e  p l o t t e d  
a g a i n s t  t ime in  F ig u re  8 . 6 .  In o r d e r  t o  o f f e r  a c o m p ar i s o n t 
i n d e e d , t o  e v a l u a t e  th e  a c c u racy  o f  th e  p r e s e n t  a p p ro a c h ,  a 
s e p a r a t e  70 metres  e a r t h  dam which i s  s u b j e c t e d  t o  t h e  same acc e le rog ram  
as th e  p r e v io u s  example has been s t u d i e d  and th e  c o n t o u r s  o f  the  
b u i l d  up o f  e x ce ss  pore w a te r  p r e s s u r e  a r e  p r e s e n t e d  a t  2 -second  i n t e r v a l s  
from t h e  s t a r t  o f  motion in  F igure  8 . 7 .  From t h e  r e s u l t s  o f  the  
p r e s e n t  s t u d y ,  i t  can be seen  t h a t ,  as w i th  t h e  s o i l  l a y e r  prob lem, 
the  r i s k  o f  l i q u e f a c t i o n  o f  the  upper  p o r t i o n  o f  a high dam i s  h i g h e r  than  
t h a t  o f  t h e  lower p o r t i o n .  This  i s  due t o  t h e  a m p l i f i c a t i o n  o f  th e  
e x c i t a t i o n  and a l s o  to  t h e  f a c t  t h a t  the  e f f e c t i v e  s t r e s s  a t  th e  top  
i s  s m a l l e r  than  t h a t  o f  th e  bottom.  C on seq u en t ly ,  in  o r d e r  t o  p r e c lu d e  
the  p o s s i b i l i t y  o f  s o i l  l i q u e f a c t i o n  in  p r a c t i c a l  d e s i g n ,  s p e c i a l
a t t e n t i o n  shou ld  be p a id  t o  t h e  upper  p o r t i o n  o f  t h e  dam.
I t  i s  w o r th w h i le  n o t i n g  t h a t  t h e  r e s p o n s e s  shown in  F igu re  8 .3  
and 8 .4  f o r  t h e  a n a l y s i s  which n e g l e c t  t h e  au togenous  v o lu m e t r i c  s t r a i n  
a r e  e q u i v a l e n t  t o  f u l l y  d r a in e d  c o n d i t i o n s ,  i . e . ,  no b u i l d  up o f  excess  
pore p r e s s u r e .
8 .5  UNDRAINED VS PARTIALLY DRAINED SEISMIC ANALYSIS OF EARTH DAM
I t  i s  o f  i n t e r e s t  t o  s tu d y  t h e  e f f e c t  o f  seepage  f low dur ing  
ea r th q u a k e  on th e  dynamic r e s p o n s e s  o f  th e  dam. F ig u re s  8 . 8  ( a , b )  
p r e s e n t  th e  h o r i z o n t a l  d i s p la c e m e n ts  o f  th e  dam c r e s t  and t h e  b u i l d  up 
o f  exce ss  pore p r e s s u r e  a t  Gauss p o i n t  o f  e lement  70. I t  can be seen from 
F igu res  8 . 8  t h a t  th e  d r a in e d  c o n d i t i o n s  and th e  u n d ra ine d  c o n d i t i o n s  
p rov ide  no s i g n i f i c a n t  d i f f e r e n c e  in  d i s p l a c e m e n t s .  B u t ,  t h e  average
change in  e x ce ss  pore p r e s s u r e  i s  abou t  10 p e r c e n t .
8 .6  EVALUATION OF DAM SAFETY
The dynamic r e sponse  a n a l y s i s  o f  a dam p ro v id e s  th e  t ime 
h i s t o r i e s  o f  d i s p la c e m e n t  and s t r e s s  induced  th ro u g h o u t  th e  dam f o r  
the  d u r a t i o n  o f  th e  a p p l i e d  base rock  mot ion .  The fo l l o w i n g  p r e s e n t a t i o n s  
cover  each 2 - second  i n t e r v a l  from th e  s t a r t  o f  mot ion .  The t y p i c a l  
d i s p la cem e n t  t ime h i s t o r i e s  and s h e a r  s t r e s s  t ime h i s t o r i e s  have been 
p r e s e n t e d  p r e v i o u s l y .  The deformed c o n f i g u r a t i o n s  o f  t h e  dam a re  
p r e s e n t e d  in F ig u re  8 . 9 .  The x d i s p la c e m e n t  c o n to u r s  a r e  shown in  
F igure  8 .1 0 .  The co n to u rs  o f  a x , a  , a z , t , p r i n c i p a l  s t r e s s e s  a-j 
and ©2 a r e  r e p r e s e n t e d  in  F ig u re s  8.11 ( a , b , c , d , e , f ) r e s p e c t i v e l y .
The p r i n c i p a l  s t r e s s  v e c t o r s  a r e  p r e s e n t e d  in  F ig u re  8 .1 2 .
8 . 5
Figure  8.13 shows th e  c o n to u r s  o f  d i s s i p a t e d  e n e r g y ,  Q, which i s  
d e f in e d  as
Q =
t
Z Svp d t
The f i g u r e s  p r e s e n t e d  a r e  r a t h e r  t y p i c a l  and t h e  r e s p o n s e s  seem 
r e a s o n a b l e .  However, f o r  com par ison ,  a s e p a r a t e  s tu d y  o f  th e  70 mete rs  
high dam mentioned  p r e v i o u s l y  was ag a in  made and t h e  c o n to u r s  o f  the  
d i s s i p a t e d  ene rgy  a r e  shown in  F igu re  8.14.  I t  can be seen from both 
F ig u re s  8 .13 and 8.14 t h a t  t h e  c o n t o u r s  o f  d i s s i p a t e d  ene rgy  a r e  q u i t e  
s i m i l a r .
The f a c t o r s  govern ing  th e  s a f e t y  o f  a dam under an e a r th q u ak e  
a r e  d i s p la c e m e n t  and s t r e s s .  Based on th e  r e s u l t s  o f  t h e  p r e s e n t  
s t u d y ,  th e  e v a l u a t i o n  o f  th e  s a f e t y  o f  th e  dam under  the  e a r th q u a k e  
can r e a d i l y  be made, p rov ided  t h a t  th e  c r i t e r i a  o f  th e  maximum a l lo w a b le  
d i s p la c e m e n t  and s t r e s s  have been s p e c i f i e d .  These va lu e s  w i l l  d i f f e r  
from dam t o  dam. Thus t h e  s a f e t y  o f  the  dam can be a s c e r t a i n e d .
A comprehensive  i n v e s t i g a t i o n  o f  the  c o l l a p s e  o f  th e  Lower San 
Fernando Dam d u r in g  th e  e a r th q u a k e  o f  9 th  F eb rua ry  1971 i s  be ing  
u n d e r ta k en .  I t  i s  hoped t h a t  some a d d i t i o n a l  r e s u l t s  w i l l  be o b ta in e d  
in  th e  n e a r  f u t u r e .
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CHAPTER 9 
CONCLUSIONS AND RECOMMENDATIONS
9 . 1  CONCLUSIONS
As p o in t e d  o u t  a t  th e  beg inn ing  o f  t h e  t h e s i s ,  t h e  main 
o b j e c t i v e s  o f  th e  s tu d y  a r e :  (1) t o  look f o r  a s u i t a b l e  method in
n o n l i n e a r  dynamic a n a l y s i s ,  (2)  t o  c o n s i d e r  a p r o p e r  n o n l i n e a r  m a t e r i a l  
model f o r  t h e  s o i l ,  (3) to i n v e s t i g a t e  th e  phenomena o f  l i q u e f a c t i o n .
Now a g e n e ra l  c o n c lu s io n  based on t h e  r e s u l t s  o f  t h e  s tu d y  can be 
summarized as f o l l o w s :
(1)  F i r s t  o f  a l l ,  i t  can be seen t h a t  t h e  n o n l i n e a r  dynamic 
a n a l y s i s  o f  e a r t h  dams by a f i n i t e  e lem en t  s p a t i a l  
d i s c r e t i z a t i o n  and a c e n t r a l  d i f f e r e n c e  t ime s t e p p i n g  
scheme has proved e f f i c i e n t  in  d e s c r i b i n g  th e  re s p o n s e  
and b eh av io u r  o f  th e  dam undergo ing  t h e  pas sage  o f  
s e i s m i c  e x c i t a t i o n .
. ( 2 )  I t  appea rs  t h a t  the  i m p l i c i t  t ime s t e p p i n g  scheme i s  
ch ea p e r  in comparison w i th  t h e  e x p l i c i t  t ime s t e p p i n g  
scheme. This  i s  because  t h e  i m p l i c i t  t ime s t e p p i n g  
scheme i s  u n c o n d i t i o n a l l y  s t a b l e ,  t h e r e f o r e  a r e l a t i v e l y  
l a r g e  s i z e  o f  t ime s t e p  l e n g th  can be adop ted .  On th e  
o t h e r  hand,  th e  e x p l i c i t  c e n t r a l  d i f f e r e n c e  scheme i s  
c o n d i t i o n a l l y  s t a b l e  in  which th e  t ime s t e p  l e n g th  i s  
l i m i t e d  by a c r i t i c a l  t ime s t e p  l e n g t h .
(3)  A g en e ra l  model f o r  th e  a n a l y s i s  o f  s e i s m i c  r e s p o n s e  and 
l i q u e f a c t i o n  o f  s a t u r a t e d  s o i l  has been p r e s e n t e d .
The model a l low s  t h e  p r o g r e s s i v e  b u i l d  up o f  ex ce ss  
pore  w a te r  p r e s s u r e  and c o n s e q u e n t ly  th e  s u c c e s s i v e l y  
d e c r e a s i n g  o f  th e  e f f e c t i v e  s t r e s s  u n t i l  t h e  p o i n t  o f  
s t r u c t u r a l  f a i l u r e .
(4)  In most e a r t h  dams, th e  p e r m e a b i l i t y  o f  th e  c o n s t i t u e n t  
m a t e r i a l  i s  u s u a l l y  very  low, and t h e  s e i s m i c  e x c i t a t i o n  
occu r s  f o r  a s h o r t  p e r i o d .  T h e r e f o r e ,  t h e  s e i s m i c  
re sponse  a n a l y s i s  can be t r e a t e d  u s ing  a f u l l y  u n d ra in e d  
c o n d i t i o n .
(5)  A combination  o f  lo c a l  l i q u e f a c t i o n  and m u l t i p l e  s h e a r  
f a i l u r e  i s  a l i k e l y  mechanism o f  f a i l u r e  o f  t h e  e a r t h  dams 
d u r in g  e a r t h q u a k e s .
9 .2  RECOMMENDATIONS
In any r e s e a r c h  o f  t h i s  n a t u r e  t h e r e  i s  always a scope f o r  f u r t h e r
s tu d y .  A few s u g g e s t io n s  a re  g iven  as f o l l o w s :
(1)  I t  i s  wor thw hi le  c a r r y i n g  o u t  e x t e n s i v e  s o i l  t e s t s  t o  
g e n e r a l i z e  the  e x p r e s s io n  f o r  au togenous  v o lu m e t r i c  s t r a i n .
(2)  An a n i s o t r o p i c  harden ing  model f o r  s o i l s  deve loped  by Mroz,
e t .  a l . , ^ ’^  shou ld  be a p p l i e d  in  t h e  c y c l i c  load  and 
l i q u e f a c t i o n  s t u d i e s .
(3) I t  i s  w or thwhile  f u l l y  d e ve lop ing  t h e  i m p l i c i t  t ime s t e p p i n g  
scheme s in c e  the  n a t u r e  o f  seepage f o r m u l a t io n  does n o t  
a l low  seepage e q u a t io n  to  be s o lv e d  w i t h o u t  m a t r i x  
f a c t o r i z a t i o n .
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APPENDIX A 
LIST OF SYMBOLS
Although a l l  n o t a t i o n s  have been d e f i n e d  as they  f i r s t  a p p e a r  
in  t h e  t e x t ,  a l i s t  o f  p r i n c i p a l  symbols used in  t h i s  t h e s i s  i s  p r e s e n t e d  
f o r  easy  r e f e r e n c e .  On many o c c a s i o n s  a d d i t i o n a l  ones have t o  be used 
in a minor c o n t e x t  and a non-un iqueness  a r i s e s .  Dots a r e  used to  
denote d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  t im e .
a nodel d i s p la c e m e n t
B M at r ix  o f  shape fu n c t io n  d e r i v a t i v e s
C Damping m a t r ix
C Cohesion o f  s o i l
c Wave speed
D E l a s t i c i t y  m a t r ix
Dr R e l a t i v e  d e n s i t y
5t T a n g e n t i a l  e l a s t i c i t y  m a t r ix
E Young's modulus
e D e v i a t o r i c  s t r a i n
F Y ie ld  f u n c t i o n
G S hear  modul us
K B ul k modul us
K S t i f f n e s s  m a t r ix
Kf Bulk modulus o f  f l u i d
KI The bulk t a n g e n t i a l  modulus
L S t r a i n  o p e r a t o r
M Mass m a t r ix
M „ C r i t i c a l  s t a t e  l i n ecs
m V ec to r  e q u i v a l e n t  t o  Kronecker  d e l t a ,  i . e .  { 1 , 1 , 1 , 0 , 0 , 0 } ^
N- Shape f u n c t io n
P Pore p r e s s u r e
PQ H a l f  th e  p r e c o n s o l i d a t i o n  p r e s s u r e
Q P l a s t i c  p o t e n t i a l  f u n c t i o n
s D e v i a t o r i c  s t r e s s
T N a tu ra l  p e r io d
t , t+  At R e p res en t  t imes  a t  t  and t  + At
u D isp lacement  v e c t o r
w F l u i d  d i sp la c e m e n t  r e l a t i v e  to  s o l i d  s k e l e t o n  in  porous media
x , y , z  C a r t e s i a n  c o - o r d i n a t e s
a = Lode ang le
Kfa = —n
1
n/Kf  + 1/Kt
Y Shear  s t r a i n
y F l u i d i t y  p a ram e te r
e - s t r a i n  v e c t o r  
C Damping r a t i o
n , £ Element c u r v i l i n e a r  c o - o r d i n a t e s
a 1 mo
k S t r a i n  pa th  le n g th
A C h a r a c t e r i s t i c  number
y V i s c o s i t y
v P o i s s o n ' s  r a t i o
S = /  | d e Tde
p , P f  Mass d e n s i t y  o f  m a t e r i a l  and f l u i d  r e s p e c t i v e l y
A.3 .
a S t r e s s  v e c t o r
a '  The second e f f e c t i v e  s t r e s s  i n v a r i a n t
a mo a v e r a 9e e f f e c t i v e  mean s t r e s s  a t  t  = 0
<j) Angle o f  i n t e r n a l  f r i c t i o n
a) C i r c u l a r  f requency
APPENDIX B 
AN INTRODUCTION TO DYNAMIC RELAXATION
B.l INTRODUCTION
The problems o f  i n t e r e s t  i n c l u d e  l i n e a r  and n o n l i n e a r  s t r e s s  
a n a l y s i s ,  e l e c t r o s t a t i c s ,  m a g n e t o s t a t i c s , s t e a d y  s t a t e  h e a t  co n d u c t io n  
and f l u i d  f low in  porous media.  A f t e r  t h e  a p p r o p r i a t e  f i n i t e  e lem en t  
d i s c r e t i z a t i o n  such prob lem s ,  known as  e q u i l i b r i u m  p rob lem s ,  can be 
r e p r e s e n t e d  by a s e t  o f  s im u l tan e o u s  e q u a t i o n s  o f  t h e  form
K a  = f  (B. 1)
where f o r  example in  a s t r u c t u r a l  a n a l y s i s  problem in  which t h e  d i s p l a c e ­
ment method i s  u sed ,  f  r e p r e s e n t s  th e  v e c t o r  o f  a p p l i e d  nodal f o r c e ,  K 
i s  th e  s t i f f n e s s  m a t r ix  o f  th e  s t r u c t u r e ,  and a i s  th e  v e c t o r  o f  nodal
d i s p la c e m e n t .  In t h e  o t h e r  a p p l i c a t i o n s  f ,  K, and a have t h e i r  own^ ^  a-
phys ica l  s i g n i f i c a n c e .
A problem r e p r e s e n t e d  by ( B . l )  may be t r a n s fo rm e d  i n t o  an 
e q u i v a l e n t  second o r d e r  t r a n s i e n t  problem and th e n  a s t a n d a r d  method f o r  
s o lv in g  such a problem can be used .  For example,  i f  dynamic te rms
in v o lv in g  i n e r t i a  and v i s co u s  damping a r e  added t o  t h e  g o ve rn ing  e q u a t i o n
( B . l )  then  t h e  s t a t i c  s o l u t i o n  can be o b t a in e d  from th e  dynamic a n a l y s i s  
o f  the  problem. This  method has been named th e  dynamic r e l a x a t i o n  
(DR) te c h n iq u e  and fo l l o w in g  i t s  i n t r o d u c t i o n  by D a y ^  i t  has been 
used as an a l t e r n a t i v e  p rocedure  f o r  s o lv in g  a wide range  o f  l i n e a r  and 
n o n l i n e a r  p ro b le m s (2 - 1 5 ) .
The DR te c h n iq u e  b a s i c a l l y  in v o lv e s  t h e  s t e p  by s t e p  i n t e g r a t i o n  
o f  c r i t i c a l l y  damped v i b r a t i o n s  us ing  v i s c o u s  damping t o  e n s u re  th e
a t t a i n m e n t  o f  s t e a d y  s t a t i c  s o l u t i o n .  By a s u i t a b l e  c h o ice  o f  
damping f a c t o r  th e  o s c i l l a t i o n s  a s s o c i a t e d  w i th  th e  dynamic problem 
r a p i d l y  converge  to  t h e  s t a t i c  s o l u t i o n .
The main advan tage  o f  t h e  DR t e c h n i q u e ,  which in  i t s  s t a n d a r d  
form i s  an e x p l i c i t  method which uses  a c e n t r a l  d i f f e r e n c e  t ime s t e p p i n g  
scheme, i s  t h a t  i t  avo ids  th e  s o l u t i o n  o f  s im u l ta n e o u s  e q u a t i o n s  and 
in s t e a d  s imply  reduces  t o  a s t e p  by s t e p  p ro ced u re  in  which th e  e q u a t i o n s  
f o r  t h e  unknown v a r i a b l e s  uncouple  a t  each s t e p .  Consequen t ly  i t  i s  
very  s imple  and easy  to  program. The co re  s t o r a g e  r e q u i r e m e n t s  f o r  
such a program a re  small  and f o r  l e s s  than  th o s e  r e q u i r e d  f o r  a d i r e c t  
f i n i t e  e lement  s o l u t i o n  f o r  th e  m a j o r i t y  o f  c a s e s .  The t e c h n i q u e  i s  
t h e r e f o r e  i d e a l l y  s u i t e d  f o r  n o n l i n e a r  f i n i t e  e l em en t  problems i n v o l v i n g  
l a r g e  bandwidths and i t  i s  a l s o  o f  use w i th  m in icom pu te r s .
B.2 STANDARD DYNAMIC RELAXATION METHOD
I t  i s  wel l  known t h a t  th e  d i s p l a c e m e n t s  o f  a damped d y n a m ic a l ly  
loaded s t r u c t u r a l  system e v e n t u a l l y  converges  t o  t h e  c o r r e s p o n d in g  
s t a t i c  s o l u t i o n .  The r a t e  o f  convergence  t o  t h e  s t a t i c  s o l u t i o n  depends 
on the  damping f a c t o r s  a s s i g n e d .  I f  c r i t i c a l  damping i s  a d o p t e d ,  the  
o s c i l l a t i o n s  dampen down most r a p i d l y  t o  th e  c o r r e s p o n d in g  s t a t i c  
s o l u t i o n  as  can be seen in t h e  examples given  l a t e r .  I f  a damping
f a c t o r  i s  used which i s  g r e a t e r  than  th e  c r i t i c a l  f a c t o r ,  then  t h e
convergence t o  the  s t a t i c  s o l u t i o n  i s  a s y m p to t i c  and a l th o u g h  t h e  
d i f f e r e n c e  between d i s p la cem e n t  v a lu e s  o f  s u c c e s s i v e  t ime s t e p s  may be
s m a l l ,  th e  s o l u t i o n  may be j u s t  converg ing  s lo w ly  and may s t i l l  be f a r
from the  s t a t i c  v a l u e .  On th e  o t h e r  hand,  i f  a s m a l l e r  damping f a c t o r
i s  s e l e c t e d ,  t h e  o s c i l l a t i o n s  d i e  down w i th  s u c c e s s i v e l y  s m a l l e r  
a m p l i t u d e s .  This  id e a  has been developed  i n t o  a method o f  s t r u c t u r a l  
a n a l y s i s  which depends on fo l l o w in g  th e  dynamic b e h a v io u r  o f  t h e  
s t r u c t u r e  u n t i l  i t  has dampened down t o  i t s  s t a t i c  c o n f i g u r a t i o n .
There i s  a c o n s i d e r a b l e  amount o f  l i t e r a t u r e  on t h e  a p p l i c a t i o n  o f  DR 
to  th e  a n a l y s i s  o f  p l a t e s ,  s h e l l s  and t h r e e  d im ens iona l  s o l i d s ,  e . g . ^ ” ^
The id e a  can be ex tended  to  s o lv e  any sys tem w i th  govern ing  
e q u a t io n s  o f  th e  same form as e q u a t io n  ( B . l )  which can be r e w r i t t e n  in 
pseudo dynamic e q u a t io n s  in  th e  fo l l o w in g  form
M a + C a + K a = f  (B .2)
'Kj ^  f\j f\ , f\j r\j f\j
where M i s  th e  f i c t i t i o u s  mass m a t r ix'X/
C i s  th e  damping m a t r ix
K i s  the  s t i f f n e s s  m a t r ix  (For  n o n l i n e a r  problems K a can be
r e p r e s e n t e d  by B**" a dfi in  which B deno tes  t h e  s t r a i n  m a t r ix'V
o i s  th e  s t r e s s  v e c t o r )  
a d o t  r e f e r s  t o  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  t i m e ,  and a and f  
a r e  as d e f in e d  p r e v i o u s l y .
Var ious  methods o f  s o lv in g  DR problems have been d i s c u s s e d  in 
the  l i t e r a t u r e  ( 7 - 1 1 ) .  The most  e f f i c i e n t  and th e  one which i s  
p r e s e n t e d  he re  i s  th e  e x p l i c i t  d i f f e r e n c e  scheme.
There i s  a wide cho ice  o f  M and C, t h e  f i c t i t i o u s  mass and 
damping m a t r i c e s .  The s e l e c t i o n  o f  t h e s e  m a t r i c e s  i s  now d i s c u s s e d .
m
m..  = T Ik. .1 where m i s  th e  o r d e r  o f  s t i f f n e s s  m a t r i x .
F i c t i t i o u s  mass m a t r ix  Var ious  forms o f  t h e  f i c t i t i o u s  mass m a t r i x  
can be a p p l i e d ^ ) .  The t h r e e  most  c o n v e n ie n t  forms a r e :
(1)  a d iagona l  lumped mass m a t r i x ;  ( i . e . ,  t h e  r e a l  mass m a t r i x )
(2)  a mass m a t r ix  in  which t h e  d iagona l  e lem en ts  o f  M a r e  equa l
t o  th e  co r re s p o n d in g  e lem en ts  o f  K, i . e . ,  m^. = k ^ . ;
(3)  a mass m a t r ix  in  which t h e  d iagona l  e l em en ts  o f  M a r e  equal
t o  th e  sum o f  th e  a b s o l u t e  v e c t o r  o f  a l l  t h e  e l em en t s  in  t h e
c o r re s p o n d in g  row o f  t h e  s t i f f n e s s  m a t r i x  K, i . e . ,  
M i = ^  i ki j
All forms o f  f i c t i t i o u s  mass m a t r i c e s  a r e  p u r e l y  d i a g o n a l .  The r e l a t i v e  
m e r i t s  o f  each f i c t i t i o u s  mass m a t r i x  can be seen  in  t h e  exam ples .
Damping m a t r i x  The damping m a t r i x  can be e x p r e s s e d  by R ay le igh  damping 
as  f o l l o w s :
C = cxM + bK (B. 3)'V* *X. 'X/
where a and 3 a r e  a r b i t r a r y  p r o p o r t i o n a l i t y  f a c t o r s .
I t  can be shown t h a t  t h e  damping m a t r i x  adopted  i s  c w h e r e
t  hi s  th e  damping m a t r ix  a s s o c i a t e d  w i th  c r i t i c a l  damping o f  t h e  r  mode
J .L
The damping r a t i o  a s s o c i a t e d  w i th  t h e  r  mode o f  t h e  sys tem
can be e x p re s s e d  in terms o f  a and 3 by th e  r e l a t i o n
3
C = + - T  (B.4)s r  2 v '
in  which w i s  the  c i r c u l a r  f r e q u e n c y  in th e  r ^  mode. In a low 
f requency  dominant sys tem ,  u s u a l l y  t h e  c o n t r i b u t i o n  o f  th e  second te rm 
in  e q u a t io n  (B.4) i s  n e g l i g i b l e .  T h e r e f o r e ,  t h e  damping r a t i o  can
U mU
be s i m p l i f i e d  as
a ( B . 5 )
For  the  c r i t i c a l  damping,  e = 1 ,  l e a d s  t o
a = 2aj. (B.6)
F i n a l l y ,  t h e  c r i t i c a l  damping m a t r ix  i s  g iven  as
C = 2u) M ^  r  ^ (B.7)
B . 3 THE CENTRAL DIFFERENCE SCHEME AND STABILITY CONSIDERATIONS
With t h e  mass and damping m a t r i c e s  s p e c i f i e d ,  e q u a t i o n  (B .2 )  can 
be so lved  by th e  c e n t r e d  f i n i t e  d i f f e r e n c e  ap p ro x im a t io n  which can be
i .  L
w r i t t e n ,  f o r  th e  i node,  as
t+At. , t -A t  . t+At t - A t . . m . .
M. -------  i ■■“■■■ a i  + C.  t  K. . a • = f .
1 At2 1 2At j=l 1J 1 1
t+Ato r  a.j can be p r e s e n t e d  e x p l i c i t l y  as
t+At _ 1
i ~ M . r
i i
/ m r* Atx t -A t
<Mi - Ci 7-) ai
(At) 2 <-t f i " 1  + 2Mi %
J  ■
(B.8).
in  which t+At,  t ,  t -A t  denote three  s u c c e s s i v e  t ime i n t e r v a l s .
i> | 1 J>
T h e r e f o re ,  t h e  computa t ion  o f  a^ i s  s t r a i g h t f o r w a r d  s i n c e  a l l  te rms  
in  the  r i g h t  hand s i d e  o f  e q u a t io n  (B.8)  a r e  known a t  t ime t .
I t  i s  no ted  t h a t  t h e  c e n t r a l  d i f f e r e n c e  scheme i s  c o n d i t i o n a l l y  
s t a b l e .  That  i s ,  i t  would be u n s t a b l e  i f  t h e  l e n g th  o f  t ime  s t e p  i s
g r e a t e r  th a n  some c r i t i c a l  t ime s t e p  l e n g t h .  The c r i t i c a l  t ime s t e p  
le n g th  f o r  l i n e a r  problems i s  l i m i t e d  by th e  h i g h e s t  f r e q u e n c y  
o f  the  f i n i t e  e lem en t  mesh. Thus
At < (B .9)
max
when At does not s a t i s f y  the above i n e q u a l i t y ,  a spurious in c r e a se  in 
the computed displacements w i l l  take place  and t h i s  leads  to  numerical  
i n s t a b i l i t y .
The e s t i m a t e  o f  th e  c r i t i c a l  t ime s t e p  l e n g th  f o r  c o n d i t i o n a l l y ,  
s t a b l e  schemes a p p a r e n t l y  n e c e s s i t a t e s  th e  s o l u t i o n  o f  t h e  e i g e n v a l u e  
problem f o r  t h e  whole sys tem.  However, a bound on th e  h i g h e s t  e i g e n v a l u e  
can be s imply  o b t a in e d  by th e  c o n s i d e r a t i o n  o f  an i n d i v i d u a l  e l e m e n t .
I t  has been proved t h a t  th e  h i g h e s t  sys tem e i g e n v a lu e  must always be 
l e s s  than  th e  h i g h e s t  e i g e n v a lu e  o f  th e  i n d i v i d u a l  e l e m e n t s .  Th is  a l low s  
an e a s i l y  o b t a in e d  and c o n s e r v a t i v e  e s t i m a t e  o f  t h e  c r i t i c a l  t ime s t e p  
l e n g th .
The f a c t  t h a t  e q u a t io n  (B.9) i s  n e c e s s a r y  and s u f f i c i e n t  f o r  
s t a b i l i t y  o f  th e  c e n t r a l  d i f f e r e n c e  scheme has been proved o n ly  f o r  
l i n e a r  sys tem s .  There i s ,  however,  c o n s i d e r a b l e  e m p i r i c a l  e v id en ce  
t h a t  e q u a t io n  (B.9) i s  a l s o  s u f f i c i e n t  f o r  s t a b i l i t y  in  n o n l i n e a r  problems.
I t  can be shown t h a t  f o r  a g iven  f i n i t e  e lem en t  mesh
X = —  (B. 10)Amax i  v '
where C i s  t h e  c u r r e n t  wave speed and i  the  minimum le n g th  o f  an e l e m e n t .  
Combining e q u a t io n  (B.9) and (B . 1 0 ) ,  and i n t r o d u c i n g  a r e d u c t i o n  f a c t o r  
3-j which i s  normal ly  l e s s  than u n i t y  and i s  e lem en t  ty pe  dependen t  f a c t o r ,  
le ads  t o
which shows t h a t  th e  t ime s t e p  l e n g th  must be bounded by t h e  s m a l l e s t  
t r a v e r s a l  t ime o f  t h e  wave a c r o s s  an e l e m e n t .
The c r i t i c a l  t ime s t e p  l e n g t h  i s  governed  by t h e  h i g h e s t
f requency  o f  th e  d i s c r e t e  mesh Xm . and as mentioned  e a r l i e r  x „ i smax max
d i r e c t l y  r e l a t e d  t o  t h e  speed o f  wave p r o p a g a t io n  and f o r  v a r i o u s
f i c t i t i o u s  mass m a t r i c e s  y i e l d  d i f f e r e n t  x „ , u . I t  can be shown t h a t** max
f o r  a r e a l  mass m a t r ix
\ n , v  =  I  /  V ) —  ( B . 1 2 )
raax Z V  p( l+v)  ( l - 2 v )
in  which E, v and p a r e  r e s p e c t i v e l y  Young's modulus ,  P o i s s o n ' s  r a t i o
and mass d e n s i t y  o f  t h e  m a t e r i a l .
For mass m a t r ix  equal  to  t h e  le a d in g  d iagona l  e l em en t s  o f
s t i f f n e s s  m a t r i x ,  i . e . ,  m^  = k ^ ,  t h e  h i g h e s t  e i g e n v a lu e  o f  t h e  d i s c r e t e
mesh from p r a c t i c a l  e x p e r i e n c e  i s  2 <_ Xmax> For mass m a t r i x  equal  t o
th e  sum o f  th e  co r re s p o n d in g  row o f  s t i f f n e s s  m a t r i x ,  i . e . ,  
m
mi = I | k . .  | , th e  h i g h e s t  e i g e n v a lu e  o f  th e  d i s c r e t e  mesh a c c o rd in g  
1 j= l
t o  G e r s c h g o r i n ' s  theorem i s  A  ,  = 1 .  These f a c t o r s  can be used as3 max
a rough gu ide  f o r  s e l e c t i n g  th e  l e n g t h s  o f  c r i t i c a l  t ime s t e p .
As p o in t e d  o u t  p r e v i o u s l y ,  t h e  e f f i c i e n c y  o f  convergence  t o  th e  
s t a t i c  s o l u t i o n  depends on th e  c h o ice  o f  damping f a c t o r .  The most 
e f f i c i e n t  approach i s  t o  choose a c r i t i c a l  damping f a c t o r  g iven  by 
equ a t io n  (B .7 ) .  I t  i s  no ted  t h a t  t h e  c r i t i c a l  damping f a c t o r  i s  
governed by th e  low es t  f requency  o f  t h e  sys tem.  This low es t  f r e q u e n c y  
can be o b t a in e d  d i r e c t l y  by e i g e n v a l u e  a n a l y s i s  o r  by s t e p  by s t e p  
i n t e g r a t i o n  o f  e q u a t io n  ( B . 8 )  w i t h o u t  damping.
B.4 EXAMPLES
In o r d e r  t o  show t h e  v e r s a t i l i t y  o f  th e  DR t e c h n i q u e  and 
indeed t h e  p ro ced u res  as d e s c r i b e d  above ,  two examples a r e  g iven  as 
f o l l o w s :
Example 1: A c a n t i l e v e r  beam under u n i fo rm ly  d i s t r i b u t e d  load  i s
c o n s id e re d .  F ig u re  B. l  i l l u s t r a t e s  t h i s  problem in  which a c a n t i l e v e r  
beam i s  modelled  by f i v e  p la ne  s t r e s s  e l em en t s  and i s  s u b j e c t e d  t o  a 
un i fo rm ly  d i s t r i b u t e d  loa d .  I t  can be seen t h a t  t h e  r e s u l t s  w i th  
v a r io u s  f i c t i t i o u s  mass m a t r i c e s  converge  wel l  t o  t h e  s t a t i c  s o l u t i o n .
As shown in  Table  B . l ,  th e  r e s u l t s  o b t a in e d  us ing  f i c t i t i o u s  mass 
schemes 2 and 3 a r e  ch ea p e r  than  t h o s e  o b ta in e d  u s in g  a r e a l  mass i . e .  
scheme 1. S t r i c t l y  s p e a k in g ,  methods based  on f i c t i t i o u s  mass schemes 
2 and 3 shou ld  be o f  equal  c o s t .  However, as  i n d i c a t e d  in  Tab le  B . l ,  
methods based on mass scheme 3 a r e  s l i g h t l y  ch e a p e r  than  th o s e  based on 
mass scheme 2.  This  can be a t t r i b u t e d  t o  numerica l  a p p ro x im a t io n  o f  
damping f a c t o r ,  i . e . ,  mass scheme 2 was overdamped.
Example 2: This  problem i s  concerned  w i th  t h e  l i n e a r  and n o n l i n e a r
s t r e s s  a n a l y s i s  o f  an e a r t h  dam. An e a r t h  dam w i th  d im ens ions  and 
m a t e r i a l  p r o p e r t i e s  i s  p r e s e n t e d  in  F igu re  B.2. The s t a t i c  d i s p l a c e m e n t  
a t  th e  c r e s t  ofdam and s t r e s s  a t  Gauss p o i n t  marked x in  F ig u r e  B.2 
a re  r e s p e c t i v e l y  shown in  F ig u re s  B.3 and B.4.  The s t a t i c  d i s p l a c e m e n t  
and s t r e s s  o b ta in e d  by dynamic r e l a x a t i o n  a r e  r e a s o n a b l y  c o n s i s t e n t  
with  th e  va lu e s  o b t a in e d  by a s e p a r a t e  s t a t i c  program. In t h e  p r e s e n t  
case  t h e  s t a t i c  a n a l y s i s  i s  ch e a p e r  than  t h e  a n a l y s i s  based  on dynamic 
r e l a x a t i o n .  However, dynamic r e l a x a t i o n  cou ld  be more c o m p e t i t i v e  
in 3 -d im ens iona l  a n d / o r  h ig h l y  n o n l i n e a r  problems w i th  l a r g e  bandwidth
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s in c e  dynamic r e l a x a t i o n  i s  on ly  i n f l u e n c e d  s l i g h t l y  by t h e s e  e f f e c t s  
in  terms o f  c o s t  o f  a n a l y s i s  and computer  s t o r a g e s .  The c o s t  o f  
s t a t i c  n o n l i n e a r  com puta t ion  i s  d i r e c t l y  r e l a t e d  t o  t h e s e  f a c t o r s .
B. 5 CONCLUSIONS
The main a t t r a c t i o n s  o f  t h e  dynamic r e l a x a t i o n  methods i n  
n o n l i n e a r  f i n i t e  e lement  problems can be summarized as f o l l o w s :
(1)  They use l e s s  computer  s t o r a g e s  and th e  programming i s  
g e n e r a l l y  s i m p l e r .  They a r e  e s p e c i a l l y  s u i t a b l e  f o r  a 
l a r g e  bandwidth ( o r  f r o n t w i d t h )  sys tems  such as 3-D 
problems o r  as  a means o f  s o l v i n g  f a i r l y  l a r g e  p r a c t i c a l  
problems on m in icom pute r s .
(2)  They a r e  a l s o  s u i t a b l e  f o r  t h e  s o l u t i o n  o f  n o n l i n e a r  
prob lems.
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APPENDIX C
NONLINEAR RESPONSE OF A QUAYWALL IN AN EARTHQUAKE
C.l INTRODUCTION:
I t  has been shown t h a t  the  e x p l i c i t  c e n t r a l  d i f f e r e n c e  t ime 
s t e p p i n g  scheme appea rs  to  be a f e a s i b l e  way o f  o b t a i n i n g  f u l l  
n o n l i n e a r  s o l u t i o n .  I t  has a l s o  been p o i n t e d  o u t  t h a t  t h i s  scheme 
i s  c o n d i t i o n a l l y  s t a b l e .  I t  w i l l  be u n s t a b l e  i f  t h e  t ime s t e p p i n g  
l e ng th  i s  more t h a n  the  c r i t i c a l  one which i s  m a t e r i a l l y  dependen t  
as can be seen from the  e x p r e s s i o n  which was given  in  C h a p te r  4 ,  
e q u a t io n  ( 4 . 1 5 ) .  T h e re fo re  i f  a sy s tem  i s  composed o f  d i f f e r e n t  
m a t e r i a l s  and one m a t e r i a l  i s  much s t i f f e r  than  the  r e s t ,  then  
i t  would be uneconomical to  use the  e x p l i c i t  c e n t r a l  d i f f e r e n c e  t ime 
s t e p p i n g  scheme d i r e c t l y  w i th o u t  any s p e c i a l  t r e a t m e n t .  However, 
i f  a s p e c i a l  t e c h n iq u e  such as one e q u i v a l e n t  to  s t a t i c  c o n d e n s a t io n  
i s  employed so t h a t  the s t i f f e r  r e g io n  can be e l i m i n a t e d ,  t h e n  the  
c r i t i c a l  t ime s t e p  l e n g th  w i l l  no l o n g e r  be governed  by th e  s t i f f e r  
m a t e r i a l .  T h e re fo re  a c o n s i d e r a b l e  r e d u c t i o n  o f  computer  t ime can 
be a c h i e v e d .  This  appendix  i s  to  i n t r o d u c e  the  s t a t i c  c o n d e n s a t io n  
t echn ique  and an example w i l l  be g iven .
( i 2 )
C.2 S t a t i c  Condensa t ion  Technique^ 8 '
The e q u a t i o n s  o f  motion under  e a r th q u a k e  e x c i t a t i o n  a re  
r e t r i e v e d  in  the  f o l l o w in g
M a .+ c a + P(a) = -  Mu ( C . l )
A quaywall  w i th  b a c k f i l l  and fo u n d a t io n  i s  shown in  F ig u re  C . l .  I f  
t h i s  sys tem i s  s u b j e c t e d  t o  an e a r t h q u a k e ,  s i n c e  th e  quaywall  i s  much 
s t i f f e r  th an  t h e  b a c k f i l l  and the  f o u n d a t i o n ,  t h e r e f o r e ,  i t  can 
be assumed t h a t  th e  quaywall  w i l l  undergo a r i g i d  body movement 
d u r ing  th e  e a r t h q u a k e .  This  movement can be r e p r e s e n t e d  by 
the fo l l o w in g  e x p r e s s io n
aR (C .2 )
where u and v r e p r e s e n t  the  r i g i d  body t r a n s l a t i o n s  in  x and y 
d i r e c t i o n s  r e s p e c t i v e l y  and a  d eno te s  the  r i g i d  body r o t a t i o n .  I t  i s  
a l s o  assimed t h a t  t h e r e  i s  no s l i p p a g e  t a k i n g  p l a c e  a lo n g  th e  c o n t a c t  
face between the  r i g i d  b lock and th e  s u r ro u n d in g  e l e m e n t s .
Let the  t o t a l  d i s p la c e m e n t  v e c t o r  a in e q u a t i o n  ( C . l )  be d i v i d e d  i n t o  
two p a r t s
a =
a D
'a1 ( C .3 )
where a^ deno tes  th o s e  d i s p l a c e m e n t  components d i r e c t l y  r e l a t e d  t o  the
R Imovement o f  the  r i g i d  b lo c k ,  a , w hi le  a r e p r e s e n t s  th o s e  
d i s p la cem e n t  components f r e e  from th e  movement o f  th e  r i g i d  b lo c k .  Thus 
a t r a n s f o r m a t i o n  m a t r ix  T can be u n ique ly  d e f i n e d  as fo l low s
in which T i s  t h e  m a t r i x  s p e c i f y i n g  th e  dependence ,  and I i s  a u n i t  
v e c to r  and 0 a re  n u l l  m a t r i c e s .
Let
am =
and
T* =
' a R '
a 1
N J
rI 9 ^
o I
( C . 5 )
then a unique e x p r e s s io n  r e l a t i n g  a t o  a m can be o b t a i n e d  as  fo l low s
a = T* a m (C .7 )
S u b s t i t u t i n g  e q u a t io n  (C .7 )  i n t o  e q u a t i o n  ( C . l )  and u s in g  th e
p r i n c i p l e s  o f  t r a n s f o r m a t i o n  as fo l low s (3 )
M ? a ,!l + C T* am + B D B T* a d n = - M u (C .8 )
P r e m u l t i p l y in g  e q u a t io n  (C .8 )  by g ives
T*T H T* a m + T*T C T* a”  + T*T BT D B T* am d n = T*T M u„................  - -g
a
(C .9 )
or
M* am + C* a m + B*T o* d n = -  T*T M u (C .1 0 )
in which
I t  can be seen in  e q u a t io n  (C .10)  t h a t  a f t e r  t r a n s f o r m a t i o n  t h e
v e c t o r  a^ has been e l i m i n a t e d  from e q u a t i o n s  o f  m o t ion .  T h e r e f o re
any d i s p l a c e m e n t  component b e lo n g in g  t o  t h e  s t i f f e r  b lock  d i s a p p e a r s  
and th e  c r i t i c a l  t ime s t e p p i n g  l e n g t h  i s  in d e p e n d e n t  o f  t h e  s t i f f e r  
b lock .
C. 3________Example:
A quaywall  w i th  b a c k f i l l  and f o u n d a t io n  i s  shown in  F ig u re  C . l .  
The quaywall  i s  c o n s id e r e d  as a r i g i d  b lo c k .  The m a t e r i a l  p r o p e r t i e s  
o f  the  b a c k f i l l  and th e  fo unda t ion  a r e  a l s o  g iven  in  F ig u re  C . l .
The sys tem  i s  s u b j e c t e d  to  th e  base e x c i t a t i o n  o f  t h e  May 1940 El Cent ro  
e a r t h q u a k e .  The d i s p la c e m e n t  t ime h i s t o r y  a t  t h e  to p  o f  th e  quaywall  
i s  p r e s e n t e d  in  F ig u re  C.2.  The deformed shapes  a t  2 second 
i n t e r v a l s  from th e  s t a r t  o f  motion  a r e  p r e s e n t e d  in  F ig u re  C .3 .  From 
Figure  C .3 ,  i t  can c l e a r l y  be seen t h a t  t h e  quaywall  i s  m a i n t a i n i n g  
a r i g i d  body movement. I t  i s  w or thw h i le  to  no te  t h a t  th e  c r i t i c a l  
t ime s t e p  l e n g t h  i s  no l o n g e r  governed  by t h e  quayw a l l .
C.4 C o n c l u s i o n s :
As dem ons t r a ted  in the  example ,  t h e  s t a t i c  c o n d e n s a t io n  
t e ch n iq u e  can be a p p l i e d  in  a n o n l i n e a r  r e s p o n s e  s tu d y  f o r  a 
system c o n s i s t i n g  o f  m a t e r i a l s  o f  d i f f e r e n t  s t i f f n e s s .  The com puta t ion  
time can be trem endous ly  reduced by u s in g  such t e c h n iq u e s  t o  g e t  r i d  
o f  the  d i s p l a c e m e n t  components on ly  r e l e v a n t  t o  th e  s t i f f e r  m a t e r i a l .
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APPENDIX D 
COMPUTER IMPLEMENTATION
D.l INTRODUCTION
This  appendix  i s  devo ted  t o  a d e s c r i p t i o n  o f  t h e  computer 
programs QUAKE and EXACT. T h e r e f o r e ,  i t  can be d iv i d e d  i n t o  two 
p a r t s :  P a r t  I p r e s e n t s  th e  d e t a i l  d e s c r i p t i o n  o f  QUAKE; P a r t  I I
d e s c r i b e s  EXACT.
QUAKE was o r i g i n a l l y  coded by Hinton and Owen to  s o lv e  p lane  
s t r e s s / s t r a i n - t r a n s i e n t  dynamic problems  u s ing  th e  e l a s t o / v i s c o p l a s t i c  
model w i th  small  s t r a i n  and 4 and 8 noded e l e m e n t s .  Now, i t  has been 
e x tended  t o  i n c lu d e  th e  e l a s t o p l a s t i c  model and l a r g e  d e fo rm a t io n s  
us ing  9 noded e lem en ts  t o  deal  w i th  a wide range  o f  t r a n s i e n t  dynamic 
problems o f  s a t u r a t e d  porous media under t h e  d r a i n e d ,  u n d ra ine d  o r  
p a r t i a l l y  d r a i n e d  c o n d i t i o n s .  The t o t a l  Langrang ian  s t r a i n s  w i th  
P io l a  K i r c h o f f  s t r e s s  a r e  a d o p te d .  The e q u a t i o n  o f  mot ion  i s  so lved  
by the  c e n t r a l  d i f f e r e n c e  t ime s t e p p i n g  scheme. The seepage  e q u a t i o n  
i s  s o lv ed  w i th in  each dynamic t ime s t e p  by t h e  FRONTAL s o l u t i o n  
t e c h n i q u e .  The s t y l e  o f  QUAKE fo l low s  c l o s e l y  t o  the  t e x t  by 
Hinton and Owen^  ^  ^ and t h e r e f o r e  a l l  c o n v e n t io n s  and te rms no t  
mentioned in  t h i s  append ix  a r e  t o  be found in  t h e i r  t e x t .  S ince  the  
o u tp u t  o f  the  dynamic response  by th e  f i n i t e  e l e m e n t  method covers  
the  d i s p la c e m e n ts  a t  each nodal p o i n t  and s t r e s s e s  a t  each Gauss 
i n t e g r a t i o n  p o i n t ,  i t  i s  use fu l  t o  r e p r e s e n t  th e  o u t p u t  th rough  
v a r io u s  g r a p h ic  forms.  T h e r e f o r e ,  a b r i e f  d e s c r i p t i o n  o f  t h e  p ro ced u re s  
from th e  i n p u t  to  g r a p h ic  p r o d u c t io n  i s  a l s o  g iven in  P a r t  I .
EXACT was w r i t t e n  t o  s o lv e  th e  one d im ens iona l  dynamic 
problems o f  porous  media s u b j e c t e d  t o  a s i n u s o i d a l  l o a d in g  on th e  
s u r f a c e  by an a n a l y t i c a l  ap p ro ac h .  F or  th e  sake  o f  c l a r i t y ,  th e  
t h e o r e t i c a l  d e r i v a t i o n  o f  th e  s o l u t i o n  used in  EXACT i s  a l s o  g ive n .
The program uses complex v a r i a b l e s  and t h e  r e s u l t s  a r e  p l o t t e d  by 
EDPLOT^ ^ ) which was implemented in  EXACT.
PART I :  QUAKE
D.2 GENERAL ORGANIZATION OF QUAKE
The gene ra l  o r g a n i z a t i o n  o f  QUAKE i s  g iven  in  F ig u re  D.l 
which c o n s i s t s  o f  one m a s t e r  segment and 24 p r im ary  and a u x i l l i a r y  
s u b r o u t i n e s .  The pr im ary  s u b r o u t i n e s  r e l y  on a u x i a l l i a r y  s u b r o u t i n e s  
to  c a r r y  o u t  the  secondary  o p e r a t i o n s .  The a u x i l l i a r y  s u b r o u t i n e s  
may be r e q u i r e d  by more than  one p r im ary  s u b r o u t i n e  as shown in 
F igure  D . l .  The o r d e r  o f  c a l l i n g  th e  p r im ary  s u b r o u t i n e s  i s  
c o n t r o l l e d  by th e  m as te r  segment.
In o r d e r  t o  e f f i c i e n t l y  use th e  n a t u r e  o f  CDC 7600 com pute r ,  
t h e  v a r i a b l e s  from m a s te r  t o  s u b r o u t i n e s  o r  from p r im ary  s u b r o u t i n e s  to
a u x i l l i a r y  s u b r o u t i n e s  and v i c e v e r s a  a r e  t r a n s i m i t t e d  th rough  COMMON b l o c k s .  
The COMMON blocks  a re  s t o r e d  in  a COMMON deck.  T h e re fo re  any change 
in  th e  COMMON b l o c k s ,  i t  i s  on ly  needed to  c o r r e c t  the  common deck o n ce ,  
then a l l  COMMON b locks  a re  c o r r e c t e d  a u t o m a t i c a l l y  by the  compute r .
The f u n c t i o n  o f  each s u b r o u t i n e  i s  given as fo l l o w s :
SUBROUTINE BMATPS s e t s  up B m a t r i x
SUBROUTINE FIXITY imposes t h e  boundary  c o n d i t i o n s
SUBROUTINE FLOW
SUBROUTINE FRONT 
FUNCTION FUNCT 
SUBROUTINE GAUSSQ
SUBROUTINE INPUT
SUBROUTINE INVAR
SUBROUTINE JAC0B2 
SUBROUTINE JACOBD
SUBROUTINE LINEAR
SUBROUTINE LOADS
SUBROUTINE LUMASS
SUBROUTINE MODPS 
SUBROUTINE NODEXY
SUBROUTINE OUTPUT
c a l c u l a t e s  t h e  v i s c o p l a s t i c  s t r a i n  r a t e
o r  p l a s t i c  s t r a i n
s o l v e s  seepage  e q u a t i o n s
i n t e r p o l a t e s  t h e  a c c e le ro g ra m
s e t s  up t h e  Gauss sam pl ing  p o i n t  p o s i t i o n s
and w e ig h t in g  f a c t o r s  f o r  num erica l  i n t e g r a t i o n
re a d s  i n  d a t a  r e q u i r e d  t o  d e f i n e  c o n t r o l
p a r a m e t e r s ,  nodal c o - o r d i n a t e s  and e lem en t
t o p o l o g y ,  boundary  c o n d i t i o n s  and m a t e r i a l
p r o p e r t i e s .
c a l c u l a t e s  th e  s t r e s s  i n v a r i a n t s  and the  
y i e l d  s t r e s s  w i th  v a r io u s  y i e l d  c r i t e r i a  
computes th e  J aco b i  an m a t r i x  and i t s  i n v e r s e  
s e t s  up l a r g e  d i s p l a c e m e n t  Jacob i  an m a t r i x  
and i t s  i n v e r s e
c a l c u l a t e s  t o t a l  s t r a i n s ,  e l a s t i c  s t r a i n  
and t h e  c o r r e s p o n d in g  s t r e s s ,  
d e a l s  w i th  v a r io u s  l o a d in g s  i n p u t  and 
computes th e  e q u i v a l e n t  node! f o r c e s
d i a g o n a l i z e s  th e  mass m a t r ix  by a s p e c i a l
( 3 ) lumping schemev
s e t s  up th e  e l a s t i c i t y  m a t r ix  D 
c a l c u l a t e s  c o - o r d i n a t e s  o f  midside  nodes 
which l i e  on a s t r a i g h t  l i n e  c o n n e c t in g  
two a d j a c e n t  nodes and o f  t h e  c e n t e r  nodes 
o f  th e  9 noded e l em en ts
p r i n t s  o u t  t h e  d i s p l a c e m e n t s  a t  nodel p o i n t s  
and s t r e s s e s  a t  Gauss p o i n t s  and w r i t e s  the  
r e s u l t s  on t a p e s  f o r  th e  i n p u t  d a t a  f i l e s  
o f  p l o t t i n g  programs
D.4
SUBROUTINE RESIDU
SUBROUTINE SEEPAGE 
SUBROUTINE SEEPS!
SUBROUTINE SEEPSTF 
SUBROUTINE SFR2 
SUBROUTINE STEP! 
SUBROUTINE STEPN
SUBROUTINE TIEUP
D .3 USER INSTRUCTIONS
**** Card 1 (1615)
I - 5  NPOIN 
6-10 NELEM
I I - 1 5  NVFIX
16-20 NCASE 
21-25 NTYPE
26- 30 NNODE 
31-35 NDOFN 
36-40 NMATS 
4 1 - 4 5  NPROP
c a l c u l a t e s  th e  va lu e s  o f  
J q  ~
computes t h e  seepage
computes v a lu e  o f  each e lem en t  o f  seepage  
matr i  x
forms seepage  m a t r i x
s e t s  up t h e  shape  f u n c t i o n s  and t h e i r  d e r i v a t i v e s  
c a l c u l a t e s  t h e  d i s p l a c e m e n t s  a t  f i r s t  t ime  s t e p  
c a l c u l a t e s  t h e  d i s p l a c e m e n t s  a t  t ime s t e p s  
g r e a t e r  than  1
i s  used when s e l e c t e d  nodes a re  c o n s t r a i n e d  
t o  have same d i s p l a c e m e n t  in  a p r e s c r i b e d  
di r e c t i  on
t o t a l  number o f  nodal  p o i n t s
t o t a l  number o f  e l e m e n t s
nunber  o f  node! p o i n t s  w i th  r e s t r a i n e d
deg ree s  o f  freedom
number o f  t ime s t e p  f o r  i n t e r m e d i a t e  s to p  
ty p e  o f  problem (1 p la n e  s t r e s s ,  2 p lane  
s t r a i n )
number o f  nodes p e r  e lem en t  
number o f  deg rees  o f  freedom p e r  node 
number o f  d i f f e r e n t  m a t e r i a l s  
number o f  m a t e r i a l  p r o p e r t i e s
D.5
46-50 NGAUS 
51-55 NDIME 
56-60 NSTRE 
61-65 NALGO 
66-70 NCRIT
71-75 NTAPE
76-80 NREAD
Gauss i n t e g r a t i o n  r u l e
number o f  d im ens ions  (=2 )
number o f  s t r e s s  component (=3)
number o f  t im e  s t e p  f o r  i n t e r m e d i a t e  s t a r t
y i e l d  c r i t e r i a  (=1 ,  Von M ises ;  =2,  T r e s c a ;
=3, Drucker  P r a g e r ;  =4, Mohr/Coulomb, =5, 
Cambridge C r i t i c a l  S t a t e )
code f o r  i n p u t  th ro u g h  t a p e ,  ( = 1 ,  COORD, LNODS, 
IFPRE a r e  i n p u t  th ro u g h  Tape 8 ; =0 All i n p u t  
d a t a  a r e  t h ro u g h  c a r d s )  
t h e  l a s t  nodal  p o i n t  t o  be r e a d  in
**** Card 2 (1 1 0 ,  6F I0 .5 )
I -10  IP0IN c u r r e n t  nodal  p o i n t
I I - 2 0  COORD ( IP0IN,1) x c o - o r d i n a t e
21-30 COORD ( IP0IN,2 )  y c o - o r d i n a t e
* t h e  l a s t  IPOIN must be NREAD 
** on ly  c o r n e r  p o i n t s  need t o  be s p e c i f i e d ,  mids ide  nodes and
c e n t r a l  nodes a r e  i n t e r p o l a t e d  by SUBROUTINE NODEXY i f  n o t  s p e c i f i e d
**** Card 3 (1615)
I-5  NUMEL
6-10 MATNO (NUMEL)
I I - 1 5  LNODS (NUMEL,1) 
16-20 LNODS (NUMEL,2) 
21-25 LNODS (NUMEL,3) 
26-30 LNODS (NUMEL,4)
e lem en t  number 
m a t e r i a l  i n d i c a t o r
end f o r  4 noded e lem en t
31-35 LNODS (NUMEL,5)
36-40 LNODS (NUMEL,6 )
41-45 LNODS (NUMEL,?)
46-50 LNODS (NUMEL,8 )
........................ end f o r  8 noded e lem en t
51-55 LNODS (NUMEL,9)
........................ end f o r  9 noded e lem en t
* t o t a l  o f  NELEM c a rd s
**** Card 4 ( IX ,  14,  15)
2-5 NOFIX ( IVFIX) number o f  t h e  node w i th  r e s t r a i n e d
d e g re e s  o f  freedom
6-10 IFPRE ( IVFIX) F i x i t y  code
(=10 Y f r e e  
=01 X f r e e
=11 both  X and Y f i x e d )
* t o t a l  o f  NVFIX c a rd s  
**** Card 5/A (15)
1-5 * NUMAT m a t e r i a l  i d e n t i f i c a t i o n  number
**** : a r d  5/B (8E10.4)
1-10 PROPS NUMAT,1) Young's  modulus
11-20 PROPS NUMAT,2) P o i s s o n ' s  r a t i o
21-30 PROPS NUMAT,3) t h i c k n e s s  f o r  p lane  s t r e s s  problem
31-40 PROPS NUMAT,4) mass d e n s i t y  p e r  u n i t  volume
41-50 PROPS NUMAT,5) t e m p e r a t u r e  c o e f f i c i e n t  a lpha
51-60 PROPS NUMAT,6 ) r e f e r e n c e  y i e l d  va lu e  Fo o r  co h e s io n  C
61-70 PROPS NUMAT,7) h a rd en in g  p a ra m e te r
71-80 PROPS NUMAT,8 ) f r i c t i o n  a n g l e
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* * * *  Card  5 /C  ( 8 E 1 0 . 4 )
I -10  PROPS (NUMAT,9) f l u i d i t y  p a r a m e te r  gamma
I I - 2 0  PROPS (NUMAT,10) exponen t  d e l t a
21-30 PROPS (NUMAT,11) NFLOW Code (= 1 ,  power law; /  I ,  exponent  law;
=10 , e l a s t o p l a s t i c  mode l )
31-40 PROPS (NUMAT,12) -  NONAS (= 0 ,  a s s o c i a t e d  f low r u l e , ^ 0 ,  non­
a s s o c i a t e d  f low r u l e )
41-50 PROPS (NUMAT,13) -  QILAN ( d i l a t a n c y  a n g l e ,  o r  M l
51-60 PROPS (NUMAT,14) h a l f  p r e c o n s o l i d a t i o n  p r e s s u r e  in  th e  c r i t i c a l
s t a t e  model o r  k x 
61-70 PROPS (NUMAT,15) -  x in  th e  c r i t i c a l  s t a t e  model on k 
71-80 PROPS (NUMAT,16) bu lk  modulus o f  f l u i d
* NMATS t im es  ca rd s  5/A/B/C
**** Card 6 (315 ,
I - 5  NSTEP 
6-10 NOUTP(l)
I I - 1 5  N0UTP(2)
16-25 DTIME 
26-35 DTEND 
36-40 NTIED 
41-45 NTIES 
46-50 NREQD
51-55 NREQS
2F 10 .3 ,  515)
t o t a l  number o f  t ime s t e p s
o u t p u t  f o r  d i s p l a c e m e n t s  r e q u i r e d  a t
e v e ry  NOUTP(l) s t e p s
o u t p u t  f o r  s t r e s s e s  r e q u i r e d  a t  ev e ry
N0UTP(2) s t e p s
t ime  s t e p  l e n g t h
time when t h e  e x t e r n a l  e x c i t a t i o n  ends 
number o f  s e t s  o f  v a r i a b l e s  t o  be t i e d  up 
maximum number o f  t i e d  v a r i a b l e s  i n  each s e t  
nodal  number f o r  s e l e c t i v e  o u t p u t  o f  
d i s p l a c e m e n t s  a t  e v e r y  N0UTP(2) s t e p s  
nodal  number f o r  s e l e c t i v e  o u t p u t  o f  s h e a r  
s t r e s s  a t  e v e r y  N0UTP(2) s t e p s
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56-60 NSEEP code f o r  p a r t i a l l y  d r a i n e d  a n a l y s i s
(=0 , f u l l y  u n d ra ine d  / 0 , p a r t i a l l y  d r a i n e d )
**** Card 7/A ( 1 5 ,  2F10.5)
1-5 nodal  p o i n t
6-15 i n i t i a l  X d i s p l a c e m e n t
16-25 i n i t i a l  Y d i s p la c e m e n t
* l a s t  nodal  p o i n t  must  be s p e c i f i e d
**** Card 7/B ( 1 5 ,  2F10 .5)
1-5 nodal  p o i n t
6-15 i n i t i a l  X v e l o c i t y
16-25 i n i t i a l  Y v e l o c i t y
* l a s t  nodal  p o i n t  must be s p e c i f i e d
**** Card 8 (12A6) 
1-72 T i t l e lo a d  case  t i t l e
**** Card 9 (515)
I - 5  IPCOD 
6-10 IGRAV
I I - 1 5  IEDGE 
16-20 ITEMP 
21-25 IITER
p o i n t  lo a d  c o n t r o l  
g r a v i t y  load  c o n t ro l  
edge lo a d  c o n t r o l  
t e m p e r a t u r e  loa d  c o n t ro l  
base a c c e l e r a t i o n  c o n t ro l
**** Card 10 ( 1 5 ,  2F10.3)
1-5 L0DPT 
6-15 P0INT(1)
16-25 P0INT(2)
node number
load  in  X d i r e c t i o n
load  in  Y d i r e c t i o n
l a s t  node must be s p e c i f i e d
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**** Card 11 (2F10 .3 )
I -10  THETA Angle o f  g r a v i t y  a x i s  t o  + Y a x i s
I I - 2 0  GRAVY g r a v i t y  c o n s t a n t  
* I f  IGRAV = 0 ,  om i t  t h i s  s e t
**** Card 12/A (15)
1-5 NEDGE number o f  loaded  edges
**** Card 12/B (415)
I - 5  NEASS 
6-10 NOPRS(l)
I I - 1 5  NOPRS (2)
16-20 NOPRS (3)
e l e m e n t  number w i th  edge loa d
edge nodes 1 , 2 , 3
**** Card 12/C (6F10 .3 )
I -10  PRESS ( 1 , 1 )
I I - 2 0  PRESS ( 2 , 1 )
21-30 PRESS ( 3 , 1 )
normal components f o r  loaded  edge nodes
31-40 PRESS(1 ,2 )
41-50 PRESS ( 2 ,2 )
51-60 PRESS ( 3 , 2 )
* r e p e a t  ca rd  12/B/C NEDGE t im es  
** I f  IEDGE = 0 ,  omi t  t h i s  s e t
t a n g e n t i a l  components f o r  loaded  edge nodes
**** Card 13 ( 1 5 ,  F10.3 )
1-5 NODPT node nunber
6-15 TEMPE (NODPT) nodal  t e m p e r a t u r e  change
* l a s t  node must be s p e c i f i e d  
** I f  ITEMP = 0 ,  omi t  t h i s  s e t
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* * * *  Card  14 ( 4 1 5 )
I -5  IACEE 
6-10 IFIXD
I I - 1 5  NTIME
number o f  a c c e l e r o g r a m  e n t r i e s
f i x e d  d e g re e  o f  freedom
time s t e p s  r e q u i r e d  f o r  DYNAMIC RELAXATION
**** Card 15 (2F 10 .3 )
I -10  AFACT
I I - 2 0  BFACT
r a t i o  o f  t ime  s t e p  l e n g th  o f  a c c e l e r o g r a m  
t o  DTIME
dan p ing  f a c t o r ,  C = BFACT*M 
BFACT = 2 * ZETA * OWEGA
Card 16 (2 1 5 ,  F10 .0 ,  1215)
I - 5  NTSEQ
6-10 NPTIE ( ITIEP)
I I - 2 0  TANGL ( ITIED)
sequence  o f  t i e d  up v a r i a b l e  
number o f  t i e d  up v a r i a b l e s  in  NTSEQ s e t  
i n c l i n a t i o n  o f  t i e d  up v a r i a b l e s  w i th  + x 
di r e c t i  on
21-25 NCURB (LABGN)
26-30 NCURB (NPTIE ( ITIED) )
** I f  NTIED = 0 ,  omi t  t h i s  s e t
nodal p o i n t s  and t i e d  up v a r i a b l e s
**** Card 17/A (415)
I - 5  NPOEL
6-10 NPOND
I I - 1 5  NPOBC
16 -20  NPMAX
number o f  e l em en t s  w i th  pore  p r e s s u r e  
di s s i p a t i o n
a s s o c i a t e d  nodal  numbers f o r  NPOEL e lem en ts  
number o f  boundary  nodes w i th  s p e c i f i e d  
pore  p r e s s u r e
maximum nodal  number in  NPOND nodal  p o i n t s
D.n
* * * *  Card  17/B ( 1 6 1 5 )
(NPNOD (IPOIN) IPOIN = 1, NPOND) i n p u t  a l l  nodal p o i n t s  r e l e v a n t
t o  pore  p r e s s u r e  d i s s i p a t i o n
m .
**** Card 17/C (1615)
(NPELE (IELEM), IELEM = 1,  NPOEL) i n p u t  a l l  e l e m e n t s  w i th  pore  p r e s s u r e
d i s s i p a t i o n
**** Card 17/D (1615)
(NPBCN ( IVFIX),  IVFIX = 1 ,  NPOBC) i n p u t  a l l  boundary nodes w i th  p r e s c r i b e d
p o re  p r e s s u r e  
* I f  NSEEP = 0 ,  omi t  17/A/B/C/D s e t  
**** A ccelerogram i s  i n p u t  t h ro u g h  Tape 7
**** I f  NTAPE = 1;  Card2 ,  Card 3 and Card 4 a r e  i n p u t  th ro u g h  Tape 8 
which can be c r e a t e d  by any s t a t i c  program in  t h e  same way as  i t  i s  r e a d .
D.4 GRAPHICAL REPRESENTATION
In any f i n i t e  e l em en t  a n a l y s i s ,  e s p e c i a l l y  i n  one t h a t  
in v o lv e s  a t ime s t e p p i n g  r o u t i n e ,  t h e  i n f o r m a t i o n  g e n e r a t e d  i s  
c o n s i d e r a b l e .  Most o f  t h i s  i n f o r m a t i o n  can be l o s t  u n le ss  some form 
o f  g r a p h ic a l  r e p r e s e n t a t i o n  i s  e n p lo y ed .  The p r o c e s s  o f  p l o t t i n g  
the  t ime h i s t o r y  o f  d i s p l a c e m e n t s  o r  s t r e s s e s  o r  p l o t t i n g  t h e  
changing  sequence  o f  p r i n c i p a l  s t r e s s  v e c t o r s  o r  c o n t o u r s  can be 
very t e d i o u s  i f  one has t o  r e s o r t  t o  h a n d - p l o t t i n g .  I t  i s  
t h e r e f o r e  i m p e r a t i v e  t h a t  r e s u l t s  a r e  s t o r e d  on f i l e s  so t h a t  th e y  can 
then  be used to  g e n e r a t e  an a u t o m a t i c  p l o t t i n g  s eq u en ce .  There 
a re  v a r io u s  p r o c e s s e s  by which one can d i s p l a y  th e  r e s u l t s  g r a p h i c a l l y ,
such as making use o f  t h e  g r a p h ic s  sy s tem  a v a i l a b l e  on th e  1904S o r  the
PDP11 computer .  The b e s t  method a t  p r e s e n t  a p p e a r s  t o  be t h e  use o f  
the "graphomat"  machine.
D. 12
For d e s ig n  p u rp o s e s ,  i t  i s  u s e fu l  t o  p l o t  the  t ime h i s t o r i e s  
o f  d i s p l a c e m e n t  and s h e a r  s t r e s s ,  t o  p l o t  t h e  c o n t o u r s  o f  s t r e s s e s  
and t h e  p r i n c i p a l  s t r e s s e s ,  to  p l o t  t h e  p r i n c i p a l  s t r e s s  v e c t o r  
d i s t r i b u t i o n s  and th e  deformed s h a p e s .  In th e  p r e s e n t  p l o t t i n g  
program, t h e  t ime h i s t o r i e s  a r e  p l o t t e d  by th e  program RESPONSEPLOT, 
the  deformed shapes  a r e  p l o t t e d  by DEFORMPLOT, th e  p r i n c i p a l  s t r e s s  
v e c t o r s  and c o n to u r s  can be s i m u l t a n e o u s l y  p l o t t e d  by CONTVECTPLOT.
The p ro c e d u re s  o f  p l o t t i n g  r e s u l t s  a r e  o u t l i n e d  as f o l l o w s :
(1 )  Ca ta logue  the  o u t p u t  o f  QUAKE t o  t h e  f o l l o w i n g  f i l e s t o r e s
Tape 3 d i sp la c e m e n t  c o n t o u r  and deformed shape
Tape 4 s t r e s s  c o n to u r
Tape 9 p r i n c i p a l  s t r e s s  v e c t o r
Tape 10 d i s p la c e m e n t  r e sp o n se  a t  s p e c i f i e d  node NREQD
Tape 11 s h e a r  s t r e s s  r e s p o n s e  a t  s p e c i f i e d  Gauss p o i n t  NREQS
(2)  A f t e r  t h e s e  f i l e s  have been c r e a t e d ,  e x c e p t  s t r e s s  c o n t o u r  
p l o t  r e q u i r e s  t o  e x t r a p o l a t e  t h e  s t r e s s  from Gauss p o i n t  
va lues  t o  nodal  p o i n t  v a lu es  us ing  th e  program EXTRAPOLATE, 
t h e  r e s t  can r e a d i l y  be used as t h e  i n p u t  d a t a  o f  programs 
RESPONSEPLOT, DEFORMPLOT, and C0NVECTPL0T. The f low c h a r t  
o f  g r a p h ic  p ro d u c t io n  i s  g iven in  F ig u re  D.2
PART I I :  EXACT
D.5 T h e o r e t i c a l  d e r i v a t i o n
For  one d im ens iona l  s o i l  column under a harmonic e x c i t i n g  
fo rce  on th e  s u r f a c e ,  t h e  non -d im ens iona l  e q u a t i o n s  o f  mot ion  can 
be w r i t t e n  as
d2 u d2w -
 W + K  K — -TT«U “ BtToW
dz dz L *■
2 -  2 -
K +  K = -  3lTpU -  — TTpW +  4  ^
d i 2  d i 2  2  n 2  ^
( l . a )  x <  -  ( l . b )  and s i m p l i f y i n g ,  g ive  
2 _
/ 2 x d w  , Q % - , / 3 o i ,
d ?  = 2^  ^  ^ 2 + 7r2 { n ' eK J
( l . a )  x g -  ( l . b )  gi ves
+ ,
d ?  d i *  '  n < c
2 -  2 -  
(3-k) ^  + (3k“<) = ^ f Tj *2 " ^ " 2  “ 4" *
i W .  g iv e s  
dz
4 - 2 -  2-d w  d u t n \ , d w r 3[<*-<] M b-<) + ,  f l  -  UK - - J _ 1
1 J d i 4  d i 2  2  2  d i 2  1 11 1 2
Equat ion  ( 3 )  g ives
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S u b s t i t u t i n g  (5)  i n t o  (4 )  and s i m p l i f y i n g  give
4- . 2-
r 2  ■> d W r / O n  1\  S ,  1 .  d w  ,
{< - k )  + (7r2K ( 2 3 - 1 )  -  TTp -  + 3 7  } - 7 9  +
d z  2 n ” 1 d z
o TTp 3 •
*2 (*2® " —  + ] w = 0 (6 )
Let d_w _ m2^ d_w _ ^  e q Uaf j o n  (6 )  g ives  
dz dz4
2m +(k2 - k) m4 + (V2k( 2 3 - 1 )  -  tt2 |  + -^1]
o TTp3 •
772 M  + 1T} ) = 0 ( 7 )
2
F u r t h e r  p u t t i n g  m = n ,
a -  2 fa -  2 2 1*a  = k ~ <  t a  =  a  <  - k }
* r e p r e s e n t s  e x p r e s s i o n  used in EXACT
b ~ TT9k( 23- 1 ) “ TT0 — + —-
2 ' '  2 n tt*|
{ b = tt2 < [  (X-J +A2 ) a 3  -  1 ) ] -
1T2 -£ + - 1 } *  
n tti
T o 2 7723 x n  C = ir0 t t0 3 “   + —
2 ^ 2  n  t t  1 ^
2 *2® 1I C — XqTTo {X-i 3 TTo“ X1 "t- ' 12 2 I 2 I n  tt-j
Then e q u a t io n  (7 )  becomes 
9
an + bn + c = 0
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and th e  r o o t s  a re
-  b + /  b2 -  4ac
n l = 2a
-b  b2 -  4ac
n2 7 a
o r  mi 2 = n i
m3 ,4
and
w = c-je171!* + c 2e m2^ + c^ e111^  + c ^ e m4'
dw
dz
= c-jm-je ' + c2m2e'"*: +ml z Conu m2z  c 0m0em3z + c^m^em^ z
2 -  -
d w „ J L m i z  , „ m9 z , „ 2 m^z , 2 mAz—2 = c^m-je 1 + c 2 m2 e  ^ + c^m^e J + c^m^e 4
S u b s t i t u t i n g  e q u a t io n  (8 )  i n t o  (2 )  g iv e s
2 -
a = c-jam-j2eml z + c2am2 e^m2z + c^am^e1^ 2 + c^am ^e^2
= tt2 [3“k]u +[~~-  ~ 3ktt2 - ~  J (c-jem^ z + c2em2Z + c^em^ Z + c^em^ z )
3 tt Xn 3tt,
Let d = —  - 3ktt0 - —  { d =
n 2 7T-j n
- A-,3TT0a K    }*
I Cm TT -|
( 8 . 3 )  
( 8 . b )  
( 8 . c )
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then we have
u = — {c-jemT^ (am2 - d) + c2em2Z(am2 - d) + Cgem3z (am2 - d)
+ c 4 em4z ( am| -  d ) } ( 9 . a )
= — j-Cyii^em^ ( a m 2 -  d) + C2<n2 e >^ ( ^ m2 " d) + 
dz E
C3mgem3z( am2 -d)  + ca m4em4z ( a n \  - d ) }4 4 ( 9 . b )
The boundary c o n d i t i o n s  a r e
P lz = 0 = 0 = -  + - )  = 0 ^ dz dz
( 1 0 . a)
du
dz
dw
dz
Kfn o te  M = —
Ui  = 1 = 0 ( l O . b )
dp
dz I z = 1
M d2u
2 -  
d w
- 7  ( " T 2 + ~~^2 } " 0
dz2 dz
( 1 0 . c)
r2 IZ = 0
= {(D + M) ^  + M }
M r du , dw .= + K —  } = 
K dz dz
or
dw
dz
foxL 
M( k-1 )
dw fOfcLa
dz M( a k -1  )
( 10 .d)
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Applying ( 1 0 . a)  by s u b s t i t u t i n g  ( 8 . b )  and (9 )  i n t o  ( 1 0 . a)
i . e .  ~  = 0 ,  and s i m p l i f y i n g ,  g iv e
dz dz
2 2 m-j(am^- d) m2(am2-d )
c-j { m-j + ------------------> + { m2 + ------------------- } +
n u ( a m ? - d )  m . f a m ^ - d )
c 3 { m3 +  e ) + c4 ( m4 + -------- — } = 0 (11
Applying ( l O . b ) ,  e q u a t i o n  ( 9 . a) g iv e s
c - j e ^  (arr2 -d)  + c2e m2(am^-d) + Cgem3(am2 -d)  + c ^ e m^ (am^-d) = 0  (11
Applying ( l O . c )  by s u b s t i t u t i n g  e q u a t i o n  ( 5 )  i n t o  ( l O . c ) ,  we have
I  it £ - e2ir - J. _ (1-k) dw2
- — =----------=------ l w + — -------  .-23 “ k 3 - k dz
( n
Let g = —
2 ft2 1
~ ~ 6 ” 2 ~ ^
-  K
$ T T p  p  1 *
a( Ai  - 3 iToA-, -
f a = . - 1 - 2 -  L J  I I -  ,
* y  3  "  o ik  ■*
f  _ B ( 1-k)  . f  -  6 ( 1 -  a  k) *
3“ k 1 3 - K  a  '
S u b s t i t u t i n g  e q u a t io n  ( 8 . a)  and ( 8 . c )  i n t o  e q u a t i o n  ( 1 1 . c)  and s i m p l i f y i n g  
l ead  to
(g+fm2 ) e m^ c-j + (g+fm2 ) e m2c2 + ( g+fm2 ) e m3Cg + (g+fm2 ) e 111^  = 0 (11
bp ly ing  ( l O . d )  by s u b s t i t u t i n g  e q u a t i o n  ( 8 .b )  i n t o  dw fOi<L we have
"HI = W t r T j
+ c 2m2 + c 3m3 + c 4m4 = M^^T)  ( ^ * e )
bw r i te  e q u a t i o n  ( 11 ) i n t o  t h e  f o l l o w i n g  form
m,(am? 
*1 + E
2 2 2 -d )  m2(am2- d )  m ^ am ^-d )  m^(am^-d)
. .  + --------E ■ - m3 + - - E- •• m4 + -  E- -
'
c i
f } 
0
^ ( a m *  - d )
rrio p m«3 p • m* p 
e (an^  -d )  e (am^ - d )  e (am^ -d ) c2 0
2 ml g + f r a ^ e
p nu p m 0 p niif 
(g  + fm2 )e (g  + fm3)e (g  + fm4 )e c3 0
f o KL
ml m2 ^3  ^4 ,C4 . M(k-1 )k -
( 1 2 )
q u a t io n  ( 12 ) may be s o lv e d  f o r  c-j» (£> 03* and 04* then  s u b s t i t u t i n g
he r e s u l t s  i n t o  t h e  e x p r e s s i o n s  f o r  u,  w, p and a ,  we can o b t a i n  t h e  
a lu es  o f  u ,  w, p and o .
Based  on t h e  above f o r m u l a t i o n ,  a computer  program EXACT has been 
oded.  The l i s t s  o f  s o u rce  program QUAKE and EXACT a re  n o t  g iven  in t h i s  
:h e s i s .  However,  th e  comple te  document o f  t h e s e  programs can be found in 
;he r e p o r t  "EXPLICIT COMPUTATIONAL METHODS IN NONLINEAR DYNAMICS".
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